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Abstract

Firms’ organizational structures impose constraints on their ability to use promotion-based
incentives. We develop a framework for identifying these constraints and exploring their con-
sequences. We show that firms manage workers careers by choosing personnel policies that
resemble an internal labor market. Firms may adopt forced-turnover policies to keep lines of
advancement open, and they may alter their organizational structures to relax these constraints.
This gives rise to a trade-off between incentive provision at the worker level and productive ef-
ficiency at the firm level. Our framework generates novel testable implications that connect
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1 Introduction

Alfred P. Sloan’s description of the firm as “a pyramid of opportunities”captures two fundamental

elements of human resource management in firms. The first is that firms are able to use promotion

opportunities to motivate and retain their workers. The second is that the promotion policies firms

can put in place are constrained by the realities of their org chart. Common problems firms face arise

from a mismatch between these considerations. If the firm insists on a particular org chart, then it

cannot promote all the workers it may like to, and as Peter Cappelli (2008) observed, “Frustration

with advancement opportunities is among the most important factors pushing individuals to leave

for jobs elsewhere.”But overemphasizing advancement opportunities while neglecting production

results in top-heavy organizations that fail to keep up with their competition.

To date, the economics literature has mostly focused on the benefits of firms providing promotion

opportunities. The constraints firms face in doing so have been beyond the scope of leading models

of internal labor markets, which either treat workers’careers independently (Harris and Holmstrom,

1982; Waldman, 1984; MacLeod and Malcomson, 1988; Gibbons and Waldman, 1999a) or take

promotion opportunities as given (Lazear and Rosen, 1981). As a result, the ways in which firms

manage their workers’careers so as to cope with these constraints have received little attention.1 In

this paper, we develop a framework in which promotion opportunities motivate workers, but firms

face a “budget constraint”on promotion opportunities. Firms manage workers’careers subject to

this constraint, and they can alter their organizational structure in order to relax this constraint.

Our model generates novel testable implications that connect firm-level characteristics with workers’

careers in ways that are consistent with many recent empirical findings.

Our starting point is a dynamic moral-hazard model in which promotions arise as an optimal

way to motivate workers. For promotions to arise optimally, we incorporate two elements. First,

production requires workers to perform multiple activities. Second, motivating workers performing

a given activity requires providing them with rents, for example, because monetary transfers are

constrained. Using familiar reasoning from dynamic moral-hazard models, we show that these rents

should be backloaded in a worker’s career. A firm that is unable to backload rents perfectly within

an activity will optimally backload them across activities: promotions arise as a way of managing

the rents provided to workers.

We then turn to the heart of our problem and highlight a tension that arises between productive

effi ciency and incentive provision. Under standard production-effi ciency conditions, the firm would

choose the number of workers performing each activity in order to equate the marginal revenue of

1A notable exception is Waldman’s (2003) model showing that such constraints give rise to insider bias in hiring.
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their production to the wages they are paid. But the resulting number of positions may provide

inadequate promotion opportunities for the firm’s workers. A tension therefore arises between using

promotions to provide incentives for a given worker and using activity assignment for productive

effi ciency. We show that firms balance this trade-off optimally by choosing their personnel policies

and the number of workers performing each activity. As a consequence, firm-level characteristics,

such as its technology, drive the firm’s choices and therefore determine the career paths of workers.

Model. Our model builds upon Shapiro and Stiglitz’s (1984) effi ciency-wage model by allowing

for multiple activities within a single firm. Homogeneous workers privately choose whether to work

or shirk, and the firm can motivate workers by committing to a wage that is tied to the activity,

coupled with the threat of firing workers who are caught shirking. Each firm has two types of

activities that have to be performed, and each worker can perform a single type of activity in each

period. The two activities differ in the level of rents required to provide motivation, because one

activity (the high-rent activity) is either harder to do or harder to monitor than the other (the

low-rent activity). For example, the high-rent activity may involve solving diffi cult, non-routine

problems or overseeing others. The firm’s output and therefore its revenues depend on how many

workers perform each activity.

To maximize its steady-state profits, the firm has to choose the number of positions that will be

available for workers performing each activity. In addition, the firm chooses a bundle of personnel

policies. How many workers should the firm hire for each activity each period? Should the firm

retain its incumbent workers? If so, what activity should they perform next period? What wage

should be associated with each activity? The firm’s personnel policies are limited by two key

constraints. Workers have to be motivated to exert effort in each activity. That is, each worker’s

incentive-compatibility constraint must be satisfied. Additionally, for the firm to be in a steady

state, a flow constraint must be satisfied: the number of incumbents and new hires who flow into

each activity must equal the number of workers who flow out of that activity in each period.

Results and Implications. Optimal personnel policies reflect a tension between worker motiva-

tion and productive effi ciency and exhibit two sets of features that are consistent with many stylized

facts. The first set of features arises because rewards are optimally backloaded in a worker’s career

and would arise in a model with a single worker. This set of features resembles an internal labor

market. The low-rent activity is performed in the bottom job, which serves as a port of entry.

Workers remain in the bottom job until they are promoted to the top job, in which they perform

the high-rent activity. Once in the top job, workers are never demoted. As a result, a well-defined

career path emerges, and it plays the role of workers’ “trust funds” (Akerlof and Katz, 1989):
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workers in the bottom job receive zero rents, effectively posting a bond by starting employment

in the bottom job. Their pay is backloaded through a high wage in the top job, which in turn is

high enough to motivate effort in the high-rent activity. Workers’wages therefore increase upon

promotion.

The second set of features of optimal personnel policies arises because firms have multiple

workers. When a worker departs from the firm, his position can be reallocated to another worker.

Worker turnover therefore can expand promotion opportunities, providing a reason for why the

firm might want to put in place forced-turnover policies such as mandatory-retirement programs.

If the promotion prospects created solely from voluntary turnover at the top are insuffi cient for

motivating workers at the bottom, the firm optimally forces a fraction of the workers at the top

to leave the firm in every period. Viewed in isolation, adopting forced-turnover policies is a bad

idea, since doing so reduces the expected rents of workers at the top, which would violate their

incentive-compatibility constraint. Forced-turnover policies, however, are optimally complemented

with more generous compensation for workers at the top as well as a more generous promotion

policy for workers at the bottom. In addition, firms might bias hiring into top jobs towards away

from more-productive outsiders, precisely because hiring externally into the top job limits the firm’s

ability to use promotions for incentive purposes.

A key feature of our analysis is that optimal personnel policies depend on firm-level character-

istics, so we can go beyond the claim that certain policies might arise, and we can say when they

might arise. That is, our model describes how firm-level characteristics, such as its organizational

span– the ratio of the number of positions at the bottom to the number of positions at the top–

impact the types of personnel policies firms put in place. Firms with larger spans will naturally

have more limited promotion opportunities. As such, they are more likely to put in place forced-

turnover policies and practice stronger insider bias in hiring. These features imply that factors

external to a given worker can shape a worker’s career, even if workers are homogeneous.

In addition to choosing personnel policies, firms may expand promotion opportunities by altering

the number of positions away from what would be productively effi cient. Creating an additional

top position expands the opportunities available for those at the bottom and therefore confers a

benefit to the firm in addition to marginal revenue. In contrast, creating an additional bottom

position reduces the promotion prospects of those at the bottom, and therefore the benefit of doing

so is less than the marginal revenue the position creates. For both of these reasons, the firm’s

organizational span is optimally lower than would be productively effi cient for the wages it pays.

Extensions. A key result in our main model is that firms offer workers rents in the top job in
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order to motivate them. In our main model, these rents arise because we assume wages are tied to

the activities workers perform. The assumption that wages are tied to activities is stronger than

we need in order to ensure that the firm has to provide workers with rents in the top job. In one

extension, we consider a setting in which the firm is able to offer a general class of contracts involving

history-dependent activity-assignment, wage, and bonus schemes. Optimal contracts in this setting

again resemble an internal labor market that is designed to reuse incentive rents optimally. We

also extend our model to consider industry equilibrium in a setting where many firms compete with

each other in the product and labor markets, and they each choose optimal personnel policies to

motivate their workers. We show that the features of optimal personnel policies in the main model

arise in a setting in which all workers and firms earn zero ex-ante rents. Finally, we discuss how our

main model can incorporate worker heterogeneity and capture a number of empirical regularities

concerning wage and promotion dynamics that cannot be explained in our baseline model in which

workers are homogeneous and wages are tied to activities.

Literature Review. This paper contributes to the literature on internal labor markets (see

Gibbons (1997), Gibbons and Waldman (1999b), Lazear (1999), Lazear and Oyer (2013), and

Waldman (2013) for reviews of the theory on and evidence for internal labor markets). In particular,

our focus on promotions is related to the extensive literature on promotions as tournaments, starting

with the seminal work of Lazear and Rosen (1981). Relative to these papers, our emphasis on the

ongoing nature of careers in firms imposes restrictions on how prizes are optimally structured.

In particular, firms have to ensure that workers have the incentives to exert effort at all times.

This is why, in our model, promotions are accompanied with wage increases rather than one-time

bonuses– such “effi ciency wages” serve to motivate the promoted workers. Workers who are not

promoted remain in the running for future promotions, and the firm has to make sure that such

promotion opportunities arise frequently enough to keep these workers motivated. The way they

do so is by choosing hiring and retention policies that keep the line of advancement open.

Our model focuses on how firms structure internal labor markets to provide incentives to workers

(Malcomson, 1984; MacLeod and Malcomson, 1988; Prendergast, 1993; Zabojnik and Bernhardt,

2001; Waldman, 2003; Krakel and Schottner, 2012; Auriol, Friebel, and von Bieberstein, 2013). In

contrast to these papers, factors of production in our model are flexible but subject to diminishing

returns. This allows us to highlight a tension between incentive provision and productive effi ciency,

which generates systematic relationships between firms’characteristics and workers’careers.

We also contribute to the vast literature on dynamic moral hazard; see Bolton and Dewatripont

(2005, chapter 10) for a textbook treatment. As in effi ciency-wage models (Shapiro and Stiglitz,
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1984), our model assumes that wages are tied to jobs, giving rise to incentive rents. The effi ciency-

wage literature has studied how firms can extract these incentive rents from workers by backloading

pay within a given job (Lazear, 1979; Carmichael, 1985; Akerlof and Katz, 1989; Board, 2011; Fong

and Li, 2015; Lazear, Shaw, and Stanton, Forthcoming). In our model, backloading pay occurs

across activity assignments, and our setting is one in which the firm is able to extract all the surplus

from workers. More importantly, we show that how a worker’s pay is optimally backloaded (i.e.,

how his career progresses) is not determined in isolation. Rather, how a workers’pay is optimally

backloaded depends on the firm’s production technology and the careers of his coworkers. Our model

therefore highlights how firm-level factors such as its production technology and its organizational

structure affect the dynamic moral-hazard problem at the worker level.

There is a sizeable literature looking at how the need to provide incentives interacts with

organizational design (Williamson, 1967; Calvo and Wellisz, 1978; Qian, 1994; Mookherjee, 2013).

In these models, workers remain in a fixed position within the firm, and the firm’s monitoring

technology is the key driver of its organizational structure. In our model, workers’positions within

the hierarchy are not fixed, and their promotion opportunities determine their incentives. The need

to provide incentives, therefore, affects the firm’s optimal organizational structure.

2 The Model

A firm and a large mass of identical risk-neutral workers interact repeatedly. Time is discrete and

denoted by t, and all players share discount factor δ ∈ (0, 1). In each period, the firm chooses

its personnel policies, which we will describe below. We restrict attention to time-independent

personnel policies and suppress time subscripts. Production requires two types of activities to be

performed, and each worker can perform a single activity each period. A worker performing activity

i in period t chooses an effort level ei ∈ {0, 1} at cost ciei. A worker who chooses ei = 0 is said to

shirk, and a worker who chooses ei = 1 is said to exert effort. We refer to such a worker as productive.

A worker’s effort is his private information, but shirking in activity i is contemporaneously detected

with probability qi. If the firm employs massesN1 andN2 of productive workers in the two activities,

revenues are F (N1, N2). F is twice continuously differentiable, increasing, concave, and satisfies

F12 ≥ 0.
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Figure 1: Timing of the stage game.

Figure 1 illustrates the timing of each period. The firm chooses the masses of positions N1 and

N2 for each activity. The firm then fills these positions with incumbent workers and new hires,

where we denote the mass of new hires for activity i as Hi, i = 1, 2. The firm offers each worker

a contract (wi, pij) , i, j = 1, 2, that includes a wage policy and an assignment policy consisting of

expected promotion, demotion, and retention patterns. We assume that wages are tied to activities,

and denote the wage for activity i by wi. The assignment policy is described by pij , which denotes

the probability that a worker in activity i will take on activity j next period if he remains with the

firm.2 We assume that a worker who is caught shirking is fired with probability 1, which constitutes

an optimal penal code since it occurs only off the equilibrium path.

If a worker rejects the contract, he receives his outside option, yielding 0 utility. If he accepts

the offer, the wage is paid and he chooses his effort level ei ∈ {0, 1} at cost ciei. If he chooses ei = 0,

he is caught shirking with probability qi and fired. For workers not caught shirking, a fraction di

of workers in activity i exogenously leave the firm. We refer to di as the voluntary departure rate

of workers in activity i and assume that d1 + d2 ≤ 1. Incumbent workers are reassigned according

to the probabilities pij . If pi1 + pi2 < 1, some workers are asked to leave the firm and receive their

outside utility. We refer to 1− pi1 − pi2 as the forced-turnover rate for activity i.

3 Parallel-Careers Benchmark

To provide a benchmark against which to compare our results and to develop some useful notation

and terminology, we begin by describing what we will refer to as the parallel-careers benchmark,

in which p12 and p21 are restricted to be 0. In this benchmark, the firm treats the two activities

independently and offers a wage above the workers’outside options combined with the threat of

termination following observed shirking in order to motivate effort. There is no worker mobility

across activities.
2 In Section 7, we consider history-dependent compensation and promotion policies when workers are subject to a

limited-liability constraint. We show that the optimal policy is stationary for workers who perform each activity.
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Given a mass N̂j of workers in activity j, the firm chooses Ni and wi to solve the program:

max
Ni,wi

F
(
Ni, N̂j

)
− wiNi,

subject to an individual-rationality constraint ensuring that the worker receives a greater payoff

within the job than outside the job and an incentive-compatibility constraint ensuring that the

worker prefers to choose ei = 1 rather than ei = 0. If the worker exerts effort in each period, he

receives a total payoff of vi in the job, where

vi = wi − ci + (1− di) δvi.

That is, in each period, he receives the wage wi and incurs the effort costs ci. With probability

di, he exogenously leaves the firm, but with the remaining probability, he remains in the job and

receives vi again the following period.

The worker will exert effort as long as

wi − ci + (1− di) δvi ≥ wi + (1− qi) (1− di) δvi.

A worker who shirks avoids incurring the cost ci but is caught and fired with probability qi. A

worker’s motivation to work therefore derives from his expected future payoffs within the firm,

vi. Define the incentive rents for activity i as the minimum future payoffs necessary to satisfy

the worker’s incentive-compatibility constraint in activity i, and denote this value by Ri. The

incentive-compatibility constraint requires that vi ≥ Ri, where

Ri = ci/ ((1− di) δqi) .

To maximize its profits, the firm chooses wages wi, or equivalently, payoffs vi, to ensure the

incentive-compatibility constraint holds with equality. Given the resulting wage, the firm hires

workers until the marginal revenue product of an additional worker is equal to this wage. Finally,

the firm hires a mass of new workers into each activity to exactly offset the mass of workers who

are exogenously separated from that activity. The resulting solution, which we refer to as the

parallel-careers solution and denote with the superscript pc, is described in the following lemma.

LEMMA 1. A firm maximizing its profits separately over the two activities chooses wages wpci =

ci + (1− (1− di) δ)Ri to provide rents vpci = Ri to each worker performing activity i = 1, 2. The

firm hires Hpc
i = (1− di)Npc

i workers, where Fi
(
Npc
i , N

pc
j

)
= wpci > ci.

Lemma 1 is consistent with several observations of Shapiro and Stiglitz (1984). First, the firm

has to pay wages exceeding workers’outside options to provide incentives. The resulting “effi ciency
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wage” increases in the turnover rate di and decreases in the firm’s monitoring ability, qi. Second,

the firm optimally chooses employment levels for each activity that are lower than the socially

optimal level, which would satisfy Fi = ci. The gap between the firm’s employment-level choice and

the socially optimal level is greater for activities that require higher incentive rents.

4 Managing Careers

In the parallel-careers benchmark, the firm chooses only a mass of workers to perform each activity

and a wage paid to each of these workers. In this section, we study more general personnel policies

that allow for reassignment across activities. We show that the firm always performs better by

linking the activities together in the form of a career. We then characterize the firm’s optimal

choices and show that they lead to features characteristic of internal labor markets.

4.1 Preliminaries

The firm chooses wage, hiring, and assignment policies jointly to maximize its steady-state profits:

F (N1, N2)− w1N1 − w2N2.

As in the benchmark, denote vi as the expected discounted payoff of a worker performing activity

i. The firm maximizes its profits subject to the following constraints.

Promise-Keeping Constraints. Productive workers’payoffs have to be equal to the sum of their

current payoffs and their continuation payoffs:

v1 = w1 − c1 + (1− d1) δ (p11v1 + p12v2) ; (PK-1)

v2 = w2 − c2 + (1− d2) δ (p21v1 + p22v2) . (PK-2)

Individual-Rationality Constraints. Workers prefer not to take their outside options if

v1 ≥ 0; (IR-1)

v2 ≥ 0. (IR-2)

Incentive-Compatibility Constraints. Workers prefer to exert effort if their future payoffs exceed

activity i’s incentive rents:

p11v1 + p12v2 ≥ c1/ ((1− d1) δq1) = R1; (IC-1)

p21v1 + p22v2 ≥ c2/ ((1− d2) δq2) = R2, (IC-2)

where Ri is the incentive rent for activity i.
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Flow Constraints. In the steady state, the number of workers in a particular activity must remain

constant. Given the hiring and assignment policies, the following constraints ensure that the mass

of workers flowing into each activity equals the mass of positions for that activity:

(1− d1) p11N1 + (1− d2) p21N2 +H1 = N1; (FL-1)

(1− d1) p12N1 + (1− d2) p22N2 +H2 = N2, (FL-2)

whereHi ≥ 0 is the mass of new workers hired into activity i. In addition, since pij are probabilities,

they must be nonnegative, and

pi1 + pi2 ≤ 1, for i = 1, 2.

A fraction of workers who are neither caught shirking nor exogenously separated from the firm are

fired if pi1 + pi2 < 1. Without loss of generality, we assume that R2 ≥ R1.
We solve the firm’s problem in two steps. First, we fix the number of positions for each activity,

and we solve for the firm’s cost-minimizing levels of pij , Hi, and vi. We then allow the firm to

choose N1 and N2. We refer to the ratio N1/N2 as the firm’s span and the pair (N1, N2) as the

firm’s organizational structure. The vector H = [Hi]i is the firm’s hiring policy, and the rent vector

v = [vi]i determines the firm’s wage policy w = [wi]i for a given assignment policy P = [pij ]ij .

The values 1 − pi1 − pi2 represent the forced turnover rate in activity i, so the assignment policy
P represents the firm’s promotion, demotion, and retention policies. If pi1+pi2 = 1, we say activity

i has full job security : a worker performing activity i then departs the firm only for exogenous

reasons, unless he is caught shirking. We refer to a collection (H,w,P) as a personnel policy.

4.2 Optimal Personnel Policy

In this section, we characterize the optimal personnel policy given an organizational structure

(N1, N2). Given (N1, N2), the firm chooses a personnel policy (H,w,P) to solve the program:

W (N1, N2) = min
(H,w,P)

w1N1 + w2N2,

subject to (PK − i) , (IR− i) , (IC − i) , and (FL− i). That is, the firm chooses hiring, wage, and

assignment policies to minimize the steady-state wage bill. Throughout this section, we will focus

on organizational structures in which there are more workers performing the low-rent activity (i.e.,

N1 ≥ N2). We characterize the full solution in the appendix and discuss at the end of this section
the differences that arise when N2 > N1. In the next section, we solve for the optimal organizational

structure, and we specify conditions on the production function so that the optimal organizational

structure indeed has N1 ≥ N2.
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Throughout this section, we will assume (and formally verify in the appendix) that under the

optimal personnel policy, whenever N1 ≥ N2, the rents provided in activity 2 exceed those provided

in activity 1 (i.e., v∗2 > v∗1). For reasons that will soon become clear, we refer to activity 1 as the

bottom job and activity 2 as the top job. We also refer to workers who perform activity 1 as bottom

workers and those who perform activity 2 as top workers. Since d1 + d2 ≤ 1 and N1 ≥ N2, we

necessarily have that N2d2 ≤ N1 (1− d1), so that there are enough incumbent bottom workers to

fill all top-job vacancies generated by voluntary turnover. Our first result shows that the firm will

never hire directly into the top job.

LEMMA 2. All new workers are hired into the bottom job (i.e., H∗2 = 0).

To see why firms prefer to hire workers into the bottom job, notice that a vacancy in the top job

can be filled either by directly hiring into the top job or by hiring into the bottom job and promoting

an incumbent bottom worker. Hiring directly into the top job requires the firm to provide a rent of

v∗2 to the new worker. In contrast, hiring into the bottom job and promoting an incumbent bottom

worker only requires the firm to provide a rent of v∗1 to the new worker. Both policies preserve the

flow constraint, since the vacancy in the top job is filled and the mass of bottom workers remains

constant. Hiring into the bottom job also makes the incentive-compatibility and participation

constraints for bottom workers easier to satisfy, because it involves a higher promotion probability.

Promoting from within helps motivate bottom workers using the rents associated with the top job,

which in turn allows the firm to lower the wages associated with the bottom job.3

Next, we describe workers’ careers within the firm. There will be two important cases to

consider, which are related to the rents that are freed up by voluntary departures at the top.

Consider the parallel-careers benchmark in which there are no promotions, and each activity is

associated with full job security and is paid a wage that corresponds to its incentive rents. At the

end of any period, a mass d2N2 of workers depart from the top, which frees up an amount d2N2R2

of rents that may be reallocated. Additionally, at the end of the period, there is a mass (1− d1)N1
of incumbent bottom workers who must be promised rents R1 to exert effort. We say that there

are suffi cient separation rents if d2N2R2 ≥ (1− d1)N1R1. In this case, the prospect of receiving
rents from exogenous turnover of the top job is suffi cient to motivate the workers at the bottom

job. If this condition is not satisfied, we say that there are insuffi cient separation rents. The next

lemma describes workers’careers when there are suffi cient separation rents.

3An additional and natural reason for hiring directly into the bottom job that is beyond the scope of our main
model is that prior experience performing activity 1 may be necessary for performing activity 2. Such a requirement
would reinforce the result of Lemma 2.
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LEMMA 3. If there are suffi cient separation rents, in an optimal personnel policy, bottom workers

receive zero rents, and top workers receive the incentive rents associated with activity 2. There are

no demotions, and workers receive full job security.

Lemma 3 illustrates the benefits of using promotions to reduce rents given to new workers. In

the parallel-careers benchmark, high wages motivate workers and also determine their equilibrium

payoffs. By using promotions, the firm can separate incentive provision from equilibrium payoffs

for bottom workers. Since top workers are never promoted, they must receive at least the incentive

rents for activity 2 in order to exert effort. When there are suffi cient separation rents, promotion

prospects alone provide enough motivation for bottom workers, so their incentive constraints are

slack. The firm sets the bottom wage just high enough to induce participation, leaving bottom

workers with no rents. Bottom workers’per-period payoffs are lower than their outside options,

but they are willing to work for the firm, because of the prospect of being promoted to the top job.

If top workers were demoted or forced to leave the firm with positive probability, the incentive

rents for activity 2 would not be suffi cient to motivate them. Since they receive the incentive rents

for activity 2 under the optimal personnel policy, it must therefore be the case that they are never

demoted, and they receive full job security. For bottom workers, full job security is optimal, but

not uniquely so. As long as the promotion probability of bottom workers at the beginning of each

period remains unchanged, workers are motivated, and the firm’s wage bill is the same. Any hiring

or firing costs would make full job security for bottom workers uniquely optimal. This is because

full job security for bottom workers minimizes the mass of workers who are hired and fired.

Workers’career patterns are different in firms in which there are insuffi cient separation rents.

We explore these patterns in the next lemma.

LEMMA 4. If there are insuffi cient separation rents, in an optimal personnel policy, bottom workers

receive zero rents, and top workers receive rents in excess of the incentive rents for activity 2. There

are no demotions, there is full job security at the bottom and forced turnover at the top.

If there are insuffi cient separation rents, the personnel policies described in Lemma 3 do not

provide enough motivation for bottom workers. To increase incentives for bottom workers, the firm

could in principle pay higher wages at the bottom. Lemma 4 shows that doing so is never optimal–

in an optimal personnel policy, bottom workers receive zero rents. The firm provides additional

motivation entirely by increasing bottom workers’promotion prospects. To do so, the firm forces

turnover among top workers in each period and offers them rents that exceed the incentive rents

for activity 2. This increase in turnover at the top allows the firm to expand promotion prospects

for bottom workers. Coupled with the associated increase in rents upon promotion, such a policy
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maintains motivation for both top workers and bottom workers.

To see in another way why the firm prefers to use promotion incentives rather than effi ciency

wages to motivate bottom workers, notice that if higher wages are paid at the bottom, the firm

must be giving rents to new workers. Doing so constitutes a pure loss for the firm. In contrast, the

firm can recapture increased wages for top workers by lowering wages for bottom workers. Raising

wages for top workers backloads a worker’s pay and therefore is more effective than offering high

wages throughout the firm. Moreover, if the firm offers rents that exceed the incentive rents for

activity 2 for the top job, top workers’incentive constraints would be slack if they were given full

job security. The firm can therefore reduce top workers’ job security as well as increase bottom

workers’promotion prospects.

Further, forced-turnover policies are optimal, although demoting top workers is also optimal

when the outside options of top workers are the same as those of bottom workers. Both forced-

turnover policies and demotions create promotion opportunities for bottom workers, but they also

reduce the value that workers place on the top job. The relative amount by which they do so

depends on how top workers’outside options compare to the value of the bottom job, which under

the optimal personnel policy is equal to the bottom workers’outside options. Forced turnover is

therefore preferred whenever top workers’outside options exceed bottom workers’outside options.

For demotions to be uniquely optimal, it has to be the case that bottom workers’outside options

are greater than top workers’outside options.

Finally, it is worth remarking that optimal wages, promotion prospects, and forced-turnover

rates depend on (N1, N2) only through the span N1/N2. This is because for any (N1, N2), hiring

only occurs at the bottom, and bottom workers receive zero rents. Wages at the bottom are

therefore determined by bottom workers’promotion prospects, which depend on the firm’s span.

Wages at the top are determined by the incentive rents for activity 2 and the forced-turnover rate,

which also depend on the firm’s span.

Proposition 1 summarizes the main features of an optimal personnel policy.

PROPOSITION 1. An optimal personnel policy has the following features: (i) Hiring occurs only

into the bottom job. (ii) There is a well-defined career path: Bottom workers stay at the bottom job

or are promoted. Top workers are never demoted but may be fired. (iii) Bottom-job wages correspond

to rents that are lower than the incentive rents for activity 1. Top-job wages correspond to rents that

exceed the incentive rents for activity 2 whenever there are insuffi cient separation rents. (iv) Wages,

promotion rates, and forced-turnover rates depend on (N1, N2) only through the span N1/N2.

Proposition 1 characterizes optimal personnel policies, given the firm’s organizational structure
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and therefore results in a labor-cost function, W (N1, N2). We now discuss several properties of

the labor-cost function. Given (N1, N2), the expressions for optimal wages and for the labor-

cost function depend on whether there are suffi cient separation rents (i.e., whether d2N2R2 ≥
(1− d1)N1R1). There are suffi cient separation rents if N1/N2 ≤ κ, where

κ ≡ (R2/R1) · (d2/ (1− d1)) .

That is, there are suffi cient separation rents whenever the firm’s span is low and/or the voluntary

turnover rate of the top job is high. These expressions for wages and for the labor-cost function

are described in the following corollary to Proposition 1.

COROLLARY 1. The following is true when N1 ≥ N2:
(i) When there are suffi cient separation rents, bottom wages are w∗1 = c1− δ (1− d1)R1κN2/N1

and top wages are w∗2 = c2 + (1− δ) (1− d2)R2 + d2R2. The labor-cost function is

W (N1, N2) = c1N1 + c2N2 + (1− δ)N2R2. (LC-1)

(ii) When there are insuffi cient separation rents, bottom wages are w∗1 = c1 − δ (1− d1)R1 and
top wages are w∗2 = c2 + (1− δ) (1− d2)R2 + d2 (N1/N2)κ

−1R2. The labor-cost function is

W (N1, N2) = c1N1 + c2N2 + (1− δ) ((1− d1)N1R1 + (1− d2)N2R2) . (LC-2)

Within each region described in Corollary 1, the labor-cost function is linear in N1 and N2,

so the coeffi cient on Ni has a natural interpretation as the marginal cost of adding a position in

activity i. In a Neoclassical model of labor supply in which there are no incentive problems, this

coeffi cient would equal the wage for workers in activity i, which would equal the associated effort

cost ci, since workers’outside options are 0 and they are on the long side of the market.

In contrast, when effort is not contractible, the marginal cost accounts for the effect that adding

an additional position for activity i affects the firm’s optimal personnel-policy problem, which in

turn depends on whether there are suffi cient separation rents. When there are suffi cient separation

rents, the marginal cost of adding a position for activity 1 coincides with the Neoclassical costs of

adding the position, c1, which in turn exceeds the bottom wage, because compensation is backloaded

in workers’careers. When there are insuffi cient separation rents, adding another position at the

bottom reduces the promotion prospects for bottom workers and therefore requires that the firm

adjust its personnel policies in order to keep bottom workers motivated. The resulting effective

marginal cost of adding such a position is then greater than c1. Relatedly, there are benefits

of adding positions at the top that exceed the marginal revenue product of such positions, since
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additional positions at the top create promotion opportunities for workers at the bottom, in turn

relaxing the firm’s optimal personnel-policy problem.

Finally, we briefly remark on optimal personnel policies when there are more positions for

workers performing the high-rent activity than there are for the low-rent activity (i.e., when N2 >

N1). Under the optimal personnel policy, activity 1 becomes the top job, and all hiring occurs into

the bottom job in which activity 2 is performed. Further, there are no demotions, and v∗2 = 0.

In contrast to the case when N1 > N2, the firm always puts in place forced-turnover policies.

Moreover, the incentive constraint may be slack for workers at the top– in this case, it is optimal

to promote all incumbent bottom workers in every period, and the firm will push out just enough

top workers to make this feasible. If we define the cutoff

σ ≡ (1− d2)R2/ (R2 − (1− d1)R1) ,

then when N1/N2 > σ, the labor-cost function is given by (LC − 1) and when N1/N2 ≤ σ, the

labor-cost function is given by (LC − 2). In Section 5, we impose conditions on the production

function so that the firm will always choose to have more workers performing the low-rent activity

(i.e., so that N1 ≥ N2).

5 Optimal Production

Given the labor-cost function and the production function, we use standard tools from Neoclassical

production theory to characterize the optimal organizational structure (N∗1 , N
∗
2 ) . We first charac-

terize a few general properties of the optimal organizational structure. We then draw connections

between the firm’s optimal production level and its optimal span, which will be relevant for our

empirical discussion in Section 6.

We write the firm’s revenues as the product of its output price and its output: F (N1, N2) =

P · f (N1, N2), where we assume f is increasing, concave, and satisfies f12 ≥ 0. Given the firm’s

labor-cost function W (N1, N2), the firm solves

max
N1,N2

P · f (N1, N2)−W (N1, N2) .

We analyze this problem in two steps. First, the firm chooses the cost-minimizing organizational

structure necessary to produce output y. The cost-minimizing organizational structure in turn

determines the optimal personnel policy. Next, the firm chooses the optimal production level y∗.

Given output level y, the firm chooses (N∗1 (y) , N∗2 (y)) to minimize costs:

15



C (y) = min
N1,N2

W (N1, N2) ,

subject to f (N1, N2) ≥ y. We now make an assumption on f to ensure optimal production involves
more workers performing the low-rent activity than the high-rent activity. Define the marginal rate

of technical substitution as MRTS (N1, N2) = f1/f2. Our assumption ensures that at any point

N1 ≤ N2, the firm can always lower its costs by decreasing N2 and increasing N1.

ASSUMPTION 1 (Production Favors Activity 1). For any N , MRTS (N,N) > (c1 +R2) /c2.

Assumption 1 is satisfied by, for instance, a Cobb-Douglas production function f (N1, N2) =

Nα1
1 Nα2

2 with (α1/α2) > (c1 +R2) /c2. From Corollary 1, we know W (N1, N2) is piecewise linear

in (N1, N2), and the coeffi cients on N1 and N2 depend on the region in which the firm operates.

Figure 2 below depicts the producer-theory approach to the firm’s cost-minimization problem.

Isocost curves are piecewise-linear with different coeffi cients on either side of the three boundaries.

Figure 2: Producer-theory approach to a firm’s cost-minimization problem. The isocost curve is piecewise linear

with different coeffi cients on either side of the dotted boundaries. The isoquants represent different production

technologies, with higher-numbered isoquants representing production technologies increasingly favoring activity 2

relative to activity 1. Notice that the vertical axis on the graph has been rescaled to emphasize the relevant regions.

The first aspect of optimal production to notice is that when production favors activity 1, firms

will never produce in Region III or Region IV. Each of the three isoquants depicted in Figure 2

represents a different production technology producing the same level of output y. Isoquant 1 is
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an activity-1-heavy production technology and will favor production at point A at which the firm

operates with a large span and has insuffi cient separation rents. Isoquant 3 is an activity-2-heavy

production technology and will favor production at point C at which the firm operates with a small

span and has suffi cient separation rents. At each of the non-boundary points, the marginal rate of

technical substitution is equal to the cost ratio, W1/W2. Corollary 2 below, which follows directly

from Corollary 1, formally describes the marginal rate of technical substitution for the three cases.

COROLLARY 2. Given a production level y, the optimal organizational structure satisfies N∗1 (y) >

N∗2 (y) , and the following conditions hold:

(i) When N∗1 (y) < κN∗2 (y) , the marginal rate of technical substitution is given by

MRTS (N∗1 , N
∗
2 ) =

δ − δd2
1− δd2

c1
c2
.

(ii) When N∗1 (y) = κN∗2 (y) , the marginal rate of technical substitution satisfies

MRTS (N∗1 , N
∗
2 ) ∈

[
δ − δd2
1− δd2

c1
c2
,
c1
c2

]
.

(iii) When N∗1 (y) > κN∗2 (y) , the marginal rate of technical substitution is given by

MRTS (N∗1 , N
∗
2 ) =

c1
c2
.

Corollary 2 shows that firms producing in the insuffi cient-separation-rents region choose an or-

ganizational structure for which the marginal rate of technical substitution is high– when bottom

workers’promotion opportunities are limited, the firm optimally creates relatively more positions

at the top. When there are insuffi cient separation rents, creating additional positions at the top

generates a positive spillover effect, because each additional position improves the promotion op-

portunities of bottom workers and, as a result, allows the firm to lower top wages. When there are

suffi cient separation rents, in contrast, top wages are independent of the number of top positions,

and the benefits to creating additional top positions is therefore smaller.

Corollary 2 determines the optimal organizational structure (N∗1 (y) , N∗2 (y)) and minimized

production cost C (y) for each production level y. Varying y traces out a production-expansion

path. The firm maximizes its profits by choosing y to solve the following unconstrained program:

max
y
Py − C (y) .

The optimal production level solves C ′ (y∗) = P . Given the optimal production level y∗, the optimal

organizational structure is (N∗1 (y∗) , N∗2 (y∗)), and the associated wage levels are w∗1 and w
∗
2.
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If effort were directly contractible, optimal production would equate the marginal revenue prod-

uct of each position to the wages associated with that position (w∗i ). Denote the marginal revenue

product at the optimum by MRP ∗i = P · fi (N∗1 (y∗) , N∗2 (y∗)). In contrast, when effort is not

contractible, top wages exceed the marginal revenue product for top positions and bottom wages

lie below the marginal revenue product for bottom positions.

COROLLARY 3. At the optimum, w∗1 < MRP ∗1 and w
∗
2 > MRP ∗2 .

The departure from standard Neoclassical optimality conditions arises, because wages are back-

loaded across activities in order to motivate workers. This backloading implies that creating ad-

ditional top positions relaxes the firm’s incentive problem, and therefore the firm will go beyond

w∗2 = MRP ∗2 and create additional positions. Similarly, creating additional bottom positions tight-

ens the firm’s incentive problem, so the firm will stop shy of w∗1 = MRP ∗1 .

Next, we discuss how the production level (y) affects the firm’s optimal span (N∗1 (y) /N∗2 (y)).

Since the firm’s optimal personnel policies are determined solely by the firm’s span, this allows us

to study how the production level affects which personnel policies the firm puts in place.

Given a labor-cost function, we can solve for the production-expansion path for general qua-

siconcave production functions using standard methods. In order to better link our model to the

empirical findings we will discuss in Section 6, we will focus on production functions for which

larger firms will tend to have larger spans. Assumption 2 provides a suffi cient condition for a pro-

duction function f to have an increasing and convex production-expansion path. Existing models

of internal labor markets with endogenous production (Zabojnik and Bernhardt, 2001; DeVaro and

Morita, 2003) restrict attention to production functions in which there is a fixed number of top

positions in the firm, which can be viewed as a limiting case of Assumption 2.

ASSUMPTION 2 (Production Expansion Favors Activity 1). For all k ≥ 0 and for some ε > 0,

kN2
∂MRTS

∂N1

∣∣∣∣
N1=kN2

+N2
∂MRTS

∂N2

∣∣∣∣
N1=kN2

≥ ε.

Assumption 2 ensures that the marginal rate of technical substitution between N1 and N2

strictly increases along any ray from the origin. In other words, as production expands, N2 becomes

a worse substitute for N1 in production. Assumptions 1 and 2 are both satisfied by, for example,

a Stone-Geary production function f (N1, N2) = Nα1
1 (N2 − γ)α2 with (α1/α2) > (c1 +R2) /c2,

γ > 0, and a minimum production requirement arising from fixed costs of production.

When production expansion favors activity 1, the associated production-expansion path will be
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convex within each of the two regions, and it will be linear on the boundary. Figure 4 below depicts

a production-expansion path for such a production function.

Figure 4: This figure plots a production-expansion path for a nonhomothetic production technology for which expan-

sion favors activity 1. Firms with high production levels optimally operate in the insuffi cient-separation-rents region.

Firms with low production levels optimally operate in the suffi cient-separation-rents region. Firms with intermediate

production levels optimally operate on the boundary between the two regions.

Figure 4 highlights the result, summarized in Corollary 4, that the firm’s optimal production

level determines whether it produces in the suffi cient-separation-rents region or the insuffi cient-

separation-rents region. As a result, the firm’s production level determines the firm’s span and

therefore its optimal personnel policies.

COROLLARY 4. Suppose production expansion favors activity 1. Then there exist two cutoffs, y1

and y2, such that the following is true: (i) if y∗ < y1, the firm’s optimal span is N∗1 /N
∗
2 < κ; (ii)

if y∗ ∈ [y1, y2], the firm’s optimal span is N∗1 /N
∗
2 = κ; and (iii) if y∗ > y2, the firm’s optimal

span is N∗1 /N
∗
2 > κ.

We can compare the optimal personnel policies of firms that have high production levels and

those that have low production levels. Suppose there is a small firm (denoted by superscript S)

that operates at y∗S < y1 and a large firm (denoted by superscript L) that operates at y∗L > y2.

Corollary 5 summarizes key differences in the optimal personnel policies for these two firms.

COROLLARY 5. Suppose production expansion favors activity 1. Wages are higher for both posi-

tions at large firms relative to small firms. Promotion probabilities are higher at small firms, and
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large firms put in place forced-turnover policies.

In the next section, we link the predictions of Corollary 5 to the empirical literature on how the

careers of workers differ between small and large firms.

6 Empirical Relevance of Optimal Personnel Policies

In our model, optimal personnel policies exhibit a number of standard features that are often

observed in empirical studies of internal labor markets (see, for example, Doeringer and Piore

(1971) and Baker, Gibbs, and Holmstrom (1994a,b)): workers tend to be hired into lower-level

positions in the firm, there are promotions from within, and demotions are the exception rather

than the norm. These broad patterns have motivated the development of many models of internal

labor markets in which promotions serve many different roles. These existing models, however, pay

limited attention to the constraints firms face in providing promotion opportunities, and our focus

on these constraints highlights additional empirically relevant features of internal labor markets.

We first describe these features and the evidence supporting their prevalence, and then we assess

the extent to which these features are consistent with existing theories of internal labor markets.

A key feature of our analysis is that optimal personnel policies depend on firm-level characteristics

in systematic ways. We conclude this section with a discussion of the evidence regarding the

relationship between firm-level characteristics and personnel policies.

OBSERVATION 1. There are wage jumps at promotion.

In optimal personnel policies, the top job is more generously compensated than the bottom

job. This wage differential serves the dual roles of motivating workers both at the top and at

the bottom. Wage jumps at promotion are an empirical regularity in both managerial and non-

managerial jobs. For evidence of wage jumps at promotion in managerial jobs, see Murphy (1985),

Lazear (1992), Baker, Gibbs, and Holmstrom (1994a,b), and McCue (1996); for evidence of wage

jumps at promotion in nonmanagerial jobs, see Dohmen (2004), Grund (2005), and Kwon (2006).

OBSERVATION 2. Firms may exhibit an insider bias in hiring at the top.

In the model, the firm has a strict preference for hiring only at the bottom. Even if workers

are heterogeneous, optimal personnel policies would exhibit an insider bias in hiring at the top: an

external hire into the top job would have to clear a higher hurdle than would internal candidates.

Firms would bias hiring at the top for two reasons: firms must pay rents to new hires into the top

job, but not to new hires into the bottom job. Further, hiring externally limits the firm’s ability

to use promotions for incentive purposes.
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There is considerable evidence that firms exhibit an insider bias in hiring at the top. For

example, Huson, Malatesta, and Parrino (2004) find that outside CEOs bring about better firm

performance; Agrawal, Knoeber, and Tsoulouhas (2006) find that external candidates are supe-

rior to internal candidates in observable qualities; and Oyer (2007) finds that there is an insider

advantage for tenure decisions for academic economists.

Importantly, it is worth noting that an insider bias in hiring at the top is not the same as

a policy of promoting from within: there are many reasons why top positions might be filled by

internal candidates, including firm-specific human capital and superior information about workers’

ability. But it is less obvious why firms would want to promote from within even when they have

the opportunity to hire a more-productive worker externally at the same wage.

OBSERVATION 3. Firms may adopt forced-turnover policies.

In our model, firms may adopt forced-turnover policies specifically to create promotion opportu-

nities for workers. In the United States, prior to 1986 when this practice was outlawed, many firms

put in place mandatory-retirement policies, often with the stated objective of creating promotion

opportunities for the young. For example, Cappelli (2008) reports that executives at Sears put in

place mandatory-retirement policies “entirely to keep the lines of advancement open.”The U.K.

outlawed mandatory-retirement policies in their Employment Equality (Repeal of Retirement Age)

Regulations of 2011 with the stated purpose of reducing age discrimination. In 2012, however, the

Supreme Court of the U.K. granted exceptions for mandatory-retirement policies aimed at creating

opportunities for younger workers.

Forced-turnover policies are not limited to mandatory-retirement programs. Many firms, includ-

ing GE, Motorola, Dow Chemical, IBM, and in the past, Microsoft, put in place “stack ranking”

policies in which a fraction of workers at each level of the hierarchy is regularly dismissed. Descrip-

tions of these policies often emphasize both the motivational effects of dismissing poor performers

and that dismissing workers in higher positions creates opportunities throughout the firm.

Relationship to Existing Theories of Internal Labor Markets. There are many models

of internal labor markets in which some of these types of personnel policies arise. Essentially all

models of internal labor markets generate wage jumps at promotion, and they do so for many

different reasons.4 See Gibbons and Waldman (1999b), Lazear (1999), Lazear and Oyer (2013),

4Waldman (1984), Bernhardt (1995), Ghosh and Waldman (2010), Bose and Lang (2013), and Bond (2015) provide
symmetric- and asymmetric-learning-based explanations; Lazear and Rosen (1981), Malcomson (1984), Rosen (1986),
MacLeod and Malcomson (1988), Milgrom and Roberts (1988), Prendergast (1993), Chan (1996), Zabojnik and
Bernhardt (2001), Waldman (2003), Krakel and Schottner (2012), and Auriol, Friebel, and von Bieberstein (2013)
provide incentive-based explanations; and Prendergast (1993), Demougin and Siow (1994), Gibbons and Waldman
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and Waldman (2013) for surveys.

In papers in which wage jumps at promotion serve specifically to motivate workers to exert

effort (Lazear and Rosen, 1981; Malcomson, 1984; Rosen, 1986; MacLeod and Malcomson, 1988;

Prendergast, 1993; Chan, 1996; Zabojnik and Bernhardt, 2001; Waldman, 2003), it would be

straightforward to extend them to generate the result that there is insider bias in hiring at the top.

Only two of these papers (Chan, 1996; Waldman, 2003) specifically discuss insider bias in hiring at

the top, but the main mechanisms of all these papers are consistent with this practice.

Existing papers, however, have paid less attention to the idea that promotion opportunities are

constrained by a firm’s organizational structure (with the exception of Waldman (2003) and DeVaro

and Morita (2013)), and none have considered how firms may put in place personnel policies to

relax these constraints. As a result, one of our main contributions is to draw out the implication

that firms may adopt forced-turnover policies specifically to create promotion opportunities. Taken

together, there are many models of internal labor markets, and some of them are consistent with a

subset of the features we have highlighted, but none is consistent with all of them.

Firm-Level Characteristics and Personnel Policies. Our approach not only shows that

specific personnel policies might arise, but it also shows when they might arise. That is, our model

describes how firm-level characteristics impact the types of personnel policies firms put in place.

In particular, our model suggests that firms with different spans– the ratio of the number of

bottom jobs to top jobs– will put in place different personnel policies. We will focus on two such

policies: insider bias in hiring at the top and forced-turnover policies. In addition, we briefly discuss

the relationship between a firm’s span and its wage and promotion policies.

First, firms with larger spans will exhibit more of an insider bias in hiring at the top. To see

this, suppose the firm has a one-time opportunity to hire into the top job an external candidate

who will increase the NPV of future revenues by ∆. If the firm hires this external worker, the firm

has to offer him total rents of v∗2. If the firm instead hires into the bottom job and promotes a

bottom worker, the firm will pay total rents of v∗1 = 0. As a result, the firm will hire the external

candidate into the top job only if ∆ > v∗2. By Proposition 1, under optimal personnel policies,

firms with larger spans offer top workers greater rents, v∗2.

Second, firms with larger spans will be more likely to put in place forced-turnover policies,

since such firms will naturally have more limited promotion opportunities. In contrast, alternative

justifications for mandatory-retirement policies, such as Lazear’s (1979) description of mandatory

(1999a), Zabojnik and Bernhardt (2001), Camara and Bernhardt (2009), and DeVaro and Morita (2013) provide
explanations based on human-capital acquisition.
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retirement as a provision in an optimal long-term contract, point to worker-level characteristics,

rather than firm-level organizational characteristics, as the key drivers of such policies.

There is very little direct evidence that we are aware of documenting the relationship between

a firm’s span and its personnel policies, in large part because data on firms’spans are limited.5

Nevertheless, we can take advantage of the empirical pattern that larger firms tend to have larger

spans (Colombo and Delmastro (1999) and Caliendo, Monte, and Rossi-Hansberg (Forthcoming))

to provide indirect evidence. Recent evidence suggests that larger firms are indeed more likely

to bias hiring into high-level positions towards insiders (DeVaro and Morita (2013) and Bond

(2015)). And, according to a U.S. Department of Labor report, larger firms are more likely to put

in place mandatory-retirement policies: “When firms were asked their reasons for using mandatory

retirement, all firms, but particularly large firms, put greatest emphasis on assuring promotion

opportunities for younger workers.”(U.S. Department of Labor, 1981).6

Third, larger firms will tend to pay all workers more at a given level in the firm, and workers

in large firms will have lower promotion rates, as we show in Corollary 5. Barron, Black, and

Loewenstein (1987) and Brown and Medoff (1989) find that larger firms offer higher starting wages.

Our prediction about promotion rates is consistent with several isolated studies in the law industry,

but we are unaware of any cross-industry evidence. Rebitzer and Taylor (1995) find that larger law

firms offer higher wages both to their associates and to their partners, and more recently Garicano

and Hubbard (2009) find that larger law firms offer higher pay to their top lawyers. Galanter

and Palay’s (1991) broad study of law firms notes that “the chances of promotion to partner are

accordingly lower in big firms than small firms.”

Our approach therefore highlights how firms’ characteristics affect workers’ careers through

their impact on personnel policies. In particular, our results imply that workers’careers in larger

firms will be more likely to start at the bottom, where they will be relatively better paid, but their

promotion prospects will be more limited, and their jobs will be less secure after promotion.

7 Extensions

In this section, we explore several extensions of the main model. The first extension shows that the

optimal personnel policies described in Proposition 1 can emerge as part of an industry equilibrium

when there are multiple competing firms. In the second extension, we study optimal personnel

5Two exceptions include a pair of secondary findings by Guadalupe and Wulf (2010) and DeVaro and Kauhanen
(2015). The former provide evidence that firms with larger spans pay higher wages to managers, controlling for firm
size, and the latter find that promotion rates are lower in firms with larger spans.

6We thank Michael Waldman for this quote.
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policies when wage policies and assignment policies can be history-dependent. The third extension

discusses how the model can be extended to account for a richer set of stylized facts concerning

wage dynamics within internal labor markets.

7.1 Industry Equilibrium

In the main model, a single firm operates in isolation, and the outside options of workers are

exogenously specified. In this extension, we consider an environment with multiple competing

firms in order to endogenize workers’outside options, and we show that the results of our main

model remain unchanged. Optimal personnel policies possess the features described in Proposition

1, even when workers and firms earn no rents. For expositional clarity, we make a number of strong

assumptions, but we discuss how the main results are preserved under weaker assumptions.

Suppose there is a mass I of identical firms and a mass L of identical workers. At the beginning

of each period t, each worker is either employed by a firm or unemployed. If he is unemployed,

he may receive a job offer from one of the firms, and he can accept the offer or reject it. If he

rejects the offer or does not receive an offer, he gets a payoff of 0 for the period and remains

unemployed at the beginning of the next period. If he accepts the offer, he works for the firm,

and production takes place. We focus on symmetric, stationary industry equilibria in which firms

adopt identical personnel policies and organizational structures, and these choices maximize their

steady-state profits.

Each offer is characterized by (wi, pij), i, j = 1, 2. Let VU denote the total utility of an unem-

ployed worker, and let V i
E , i = 1, 2, denote the total value of a worker working in activity i today.

Let U be the mass of unemployed workers and Di, i = 1, 2, be the mass of vacancies in activity

i at the beginning of each period. We assume that each unemployed worker receives a job offer

in activity i with probability αi = Di/U . Finally, each firm’s steady-state profits are given by

F (N1, N2)− w1N1 − w2N2.

PROPOSITION 2. There exists L∗ such that if L > L∗, then D2 = 0. In addition, VU = V 1E = 0.

Each firm’s optimal personnel policies are the same as those described in Proposition 1, and the

results of Corollaries 2-5 continue to hold.

Proposition 2 shows that if workers are on the long side of the market, then if each firm believes

that each other firm is adopting the personnel policies described in Proposition 1, it is optimal to

do so as well. A key feature of Proposition 2 is that the total utility of an unemployed worker is

the same as the total utility of a worker who is permanently unemployed. To see this, recall that

in the main model, new workers earn zero rents under the optimal personnel policy when there is a
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single firm. With multiple firms, each firm will also find it optimal to make the same offer as other

firms, leaving new workers with zero rents.

Since workers earn zero rents, unemployment does not serve as a worker discipline device for

bottom workers, as it would in Shapiro and Stiglitz’s (1984) model. Bottom workers are motivated

to exert effort not because they fear losing their job, but rather because they value the prospect of

eventually being promoted. For workers in the top job, unemployment still serves as a discipline

device. Nevertheless, the unemployment rate no longer matters, because once workers lose their

job, they are indifferent about how long it will take to find a new job.

The zero-rent feature also implies that workers’outside options are essentially exogenous. As

a result, the main results are preserved under more general settings. For example, the per-period

payoff of an unemployed worker can be any value b. In this case, optimal personnel policies simply

adjust by increasing the wages (for both activities) by b. The main results would remain unchanged

if there is firm-level heterogeneity, and firms can choose different personnel policies and organiza-

tional structures. In this case, workers’outside options remain exogenous to any individual firm,

since they are unaffected by the hiring decisions of any individual firm. Put differently, bottom

workers’outside options serve as a suffi cient statistic for the competitive environment that each

individual firm faces.

Finally, if firms produce identical final goods for which there is a downward-sloping aggregate

demand curve, then we can introduce a fixed entry cost and allow for endogenous firm entry

subject to a zero ex-ante profit condition. In this case, firms would put in place the personnel

policies described in Proposition 1, and all workers and firms would earn zero ex-ante rents.

7.2 Pay-for-Performance Contracts

In our main model, we made the stark assumption that wages are tied to activities. This assumption

rules out both performance pay and other more flexible arrangements such as seniority-based raises

and promotions. In this extension, we expand the firm’s contracting possibilities by allowing firms to

put in place history-contingent pay-for-performance contracts and assignment policies. To maintain

the idea that backloading pay within an activity is imperfect, we assume that workers are subject

to a limited-liability constraint.

We solve for optimal personnel policies, allowing pay and activity assignment to be history-

contingent, and we show that they share most of the features of optimal personnel policies in the

main model. Additionally, our results in this section shed light on the conditions under which

forced-turnover policies and performance pay are part of optimal personnel policies.
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Specifically, we assume that the firm pays a wage wt ≥ w ≥ 0 at the beginning of each period and

a performance-contingent bonus bt ≥ 0 after each workers’performance signal has been realized,

but before voluntary departures occur.7 As in the main model, we assume that any worker who

is caught shirking is terminated with probability 1, and he also receives no bonus. Indeed, this

punishment gives the agent the lowest possible payoff if he shirks. If a worker is not caught shirking,

the firm pays a bonus bt ≥ 0, which can depend on the worker’s entire past employment history

within the firm. For a worker in his t-th period in the firm, his employment history can be described

as ht = (h1, . . . , ht), where hs ∈ {1, 2}, s = 1, 2, . . . , t, denotes the activity to which the worker was

assigned in period s. We therefore denote the worker’s wage and bonus in period t by w
(
ht
)
and

b
(
ht
)
. We also allow the firm’s assignment policy to depend on ht. Denote by pi

(
ht
)
, i = 1, 2,

the probability that a worker will be assigned to activity i in period t + 1, given history ht. The

complementary probability 1− p1
(
ht
)
− p2

(
ht
)
is then the associated forced-turnover probability.

As in the main model, the firm offers the same contract to all workers, so the firm’s optimal

personnel policy can be described by
{
w
(
ht
)
, b
(
ht
)
, p1
(
ht
)
, p2
(
ht
)}∞

t=1
.

Since compensation and activity assignment can depend on the worker’s entire employment

history, this extension allows for a variety of personnel policies. For example, the firm can adopt

seniority-based promotion policies in which each worker performs, say, activity 1 for a number of

periods before being promoted to activity 2. The firm can also rotate workers among jobs. In

terms of the compensation policy, the firm is not restricted to setting the same wage for all workers

performing the same activity. Wages can, for example, increase with the time on the activity. A

worker’s bonus can depend both on the time he has spent on the activity and on the time he has

been with the firm.

To describe the optimal contract, define the incentive rents for activity i as ri = (1− qi) ci/qi.
As in the main model, we assume that r2 > r1, so activity 2 requires greater incentive rents, either

because its associated effort costs are higher or because performance is more diffi cult to monitor.

To simplify our discussion, we assume that the minimum wage alone is not high enough to motivate

workers to exert effort in either activity.

ASSUMPTION 3. For i = 1, 2, w + ri > (w − ci) / (1− δ (1− di)) .

The set of feasible compensation and assignment policies is large, so solving for the optimal

contract requires a different set of techniques than the variational arguments we used in the main

7The analysis is essentially unchanged if bonus payments are delayed to the beginning of next period and become
a part of the wage. That is, bonuses are not necessary, as long as wages are history-dependent. Allowing for bonus
payments, however, simplifies our formal statements about the optimal personnel policies, and it allows us to highlight
how the structure of pay-for-performance contracts depends on firm-level characteristics.
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model. In particular, we find the optimal contract by first establishing a lower bound for labor

costs required to sustain effort. We then construct a particular contract that attains this lower

bound, so this contract is optimal. Proposition 2 describes the optimal contract.

PROPOSITION 3. There is an optimal personnel policy with the following features: (i) Hiring

occurs only in the bottom job, where workers perform Activity 1. (ii) There is a well-defined career

path: Bottom workers stay in the bottom job or are promoted. The promotion rate is constant and

given by d2N2/ ((1− d1)N1) . Top workers perform Activity 2 and are never demoted. Workers

are not fired unless they are caught shirking. (iii) The wage can be set to w for all jobs. The

performance bonus in the top job is constant and independent of the firm’s span. The performance

bonus in the bottom job is also constant; it is equal to zero if the span N1/N2 is below a threshold

and is otherwise positive and increasing in the span.

Proposition 3 shows that performance bonuses within each job are stationary– under the op-

timal personnel policy, pay is backloaded across jobs rather than within a job. As in the main

model, an internal labor market emerges. New hires enter through a port of entry in which they

perform the low-rent activity. Incumbent workers climb a job ladder, and there are no demotions.

By assigning workers to the low-rent activity before promoting them to the high-rent activity, the

firm uses the incentive rents for the top job to motivate both top and bottom workers. The idea of

reusing rents at the top is also present in the main model and reflects optimal rent extraction at

the worker level.

Firm-level characteristics, such as its span, determine optimal personnel policies. As in the main

model, if the firm’s span is below a threshold, separation rents created from voluntary turnover at

the top, along with minimum-wage payments, are enough to motivate bottom workers. In this case,

workers in the top job receive the minimal incentive bonus necessary to motivate them. Workers

in the bottom job are not given performance bonuses, and their total pay in each period is equal

to w. When there are suffi cient separation rents, promotion prospects alone are strong enough to

motivate the bottom workers, so no performance pay is necessary in the bottom job.

If the firm’s span exceeds the threshold, we say that there are insuffi cient separation rents.

In this case, top workers again receive the minimal incentive bonus necessary to motivate effort.

Bottom workers, however, receive positive performance bonuses, and the bonus size increases with

the firm’s span. When there are insuffi cient separation rents, incentives provided by promotions

are not enough to motivate bottom workers. Therefore, the firm must adjust its personnel policy to

provide additional incentives for bottom workers. Unlike the main model, however, the firm does

not do so by increasing rents and putting in place forced-turnover policies at the top. Instead, it

27



increases performance bonuses at the bottom.

The difference arises because when bonuses are feasible, they serve as a more effective way to

provide additional incentives. Using bonuses involves only a monetary transfer from the firm to

the workers and therefore does not affect the surplus of the relationship. In contrast, expanding

promotion opportunities requires that the firm adopt forced-turnover policies, which reduce top

workers’effective discount factors, limiting the firm’s ability to extract rents from them.

Proposition 3 shows that the main features of the optimal personnel policies are mostly pre-

served. Workers enter the firm from the bottom job, and promotions are used to motivate them. In

addition, the opportunities for promotion are key to the design of personnel policies. Proposition

3 also shows that the degree of flexibility in pay is important for determining optimal person-

nel policies when promotion opportunities are limited. In particular, firms need not put in place

forced-turnover policies as long as bonus payments are feasible.

A feature of this extension is that even if pay-for-performance contracts are feasible, firms

prefer to use promotions to motivate the bottom workers, and they will resort to bonuses only

when promotion prospects are limited. Promotions arise as a cost-effective instrument for moti-

vating workers in our model, because they allow the firm to optimally allocate separation rents

from turnover at the top of the firm. Only when these separation rents are exhausted will firms

complement promotions with additional bonuses at the bottom.

7.3 Internal Labor Markets

In Section 6, we focused on empirical regularities of internal labor markets that are consistent with

our main model. In this subsection, we identify and discuss three additional empirical regularities

that are not captured by our main model, and we outline how our model could be enriched to

account for these patterns.

First, in our model, bottom workers are never fired, yet a significant amount of involuntary

departures typically does occur in lower-level jobs within firms. Bottom workers are not fired in

our model, in part because all workers are homogeneous, yet in practice, many workers may be a

bad match for the firm at which they are employed (see Jovanovic (1979) for seminal work on match

quality and worker turnover). One way to enrich our model to account for involuntary turnover

at the bottom is to allow for heterogeneity in worker—firm match quality. For example, suppose

each worker can either be a good or a bad match for the firm, but that this match quality is not

known before he is hired, and once the worker joins the firm, his match quality is revealed. In such

a model, bottom workers will be fired if they are revealed to be a bad match.
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Additional regularities that our model does not explain are related to how wages change over

time within jobs, how these wage changes depend on worker performance, and how these changes

are related to the likelihood of future promotions. Baker, Gibbs, and Holmstrom (1994a) report

several key facts concerning performance, wage changes, and promotions. First, better performance

is typically associated with a higher probability of promotion. Second, wages within jobs tend to

increase with tenure on the job. Third, larger wage increases at one level of the job ladder are

associated with a higher probability of quick promotion to the next level.

To account for these facts, we can enrich our model by introducing symmetric learning about

worker ability. Suppose there are two types of workers, high and low, and production effi ciency

requires that only the high-type worker can be productively assigned to activity 2. Worker types

are not known ex ante, and they are learned only through workers’performance. If a worker shirks,

bad performance occurs with some probability. When this occurs, the firm fires the worker. If

a worker exerts effort, and if he is a low type, then performance is always at some intermediate

level. If a high-type worker exerts effort, then performance is high with some probability and

intermediate with the complementary probability. Worker performance is publicly observed, and

high-type workers are valuable at other firms as well.

In this extension, a worker is revealed to be a high type when high performance is observed. In

this case, the worker will be promoted to the top job if there are vacancies at the top. Otherwise,

the worker will be put in a queue (with other workers who have been revealed to be high types) and

will be promoted in the future. It then follows immediately that better performance is typically

associated with a higher probability of future promotion: workers will not be promoted unless their

performance is high.

In addition, wages also increase with tenure in the bottom job in this enrichment, and the reason

for wage increases differs depending on whether workers have had high performance in the past.

For workers who have not yet had high performance, their probability of being a high type falls

over time, so promotions become less likely. To continue to motivate such workers, future wages

must increase. For workers who have delivered high performance, their types are revealed to be

high, increasing their outside option. The firm must then increase their wages in the bottom job

in order to retain them, while they await promotion. To the extent that such wage increases are

larger than the wage increases experienced by low-type workers, a larger wage increase is positively

related to a higher probability of promotion to the next level.
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8 Conclusion and Discussion

This paper develops a framework for studying how firms manage workers’careers in the presence

of contractual imperfections. Under optimal personnel policies, low-incentive-rent activities are

performed in entry-level jobs, and workers are motivated in part by the opportunity to advance to

jobs requiring, and therefore delivering, greater incentive rents. When promotion opportunities are

limited by the firm’s organizational structure and the voluntary-departure rate of its employees,

firms optimally push out higher-level employees in order to keep the lines of advancement open.

Firms may also optimally alter their organizational structures, becoming more top-heavy, in order

to expand promotion opportunities.

Our framework generates novel testable implications linking firm characteristics to the personnel

policies they put in place, and it has implications for how workers’careers might differ depending

on the firm they work for. Firms with larger spans pay higher wages at all job levels, they have

greater insider bias in hiring into top positions, and they may put in place forced-turnover policies

such as mandatory-retirement policies. This implies that workers’ careers in such firms will be

more likely to start at the bottom, where they will be relatively better paid, but their promotion

prospects will be more limited, and their jobs will be less secure after promotion.

Given its tractability, our model can serve as a building block for studying many further ap-

plications. For example, our model highlights how firms’personnel policies may be shaped by the

policy environment in which the firm operates. As such, our model can be enriched to help us

better understand the impacts of labor-market policies on workers’careers through their effects on

firms’personnel policies. Preliminary analysis suggests that progressive taxation, which dispropor-

tionately affects top workers, also has indirect effects on bottom workers– fewer workers are hired

at the bottom, but the workers who are hired have greater promotion opportunities. An increase in

the minimum wage can either increase or decrease employment in the firm. In particular, employ-

ment at the bottom of the firm can increase, since limited-liability rents can serve as a substitute

for career-based incentives for bottom workers– minimum wages may lead to the proliferation of

“dead-end”jobs.

The economic forces we highlight in our model can be applied to study the design of more

complicated hierarchies. As an example, Baron and Bielby (1986) show that job titles often do not

correspond to different uses of the underlying production and are sometimes created as a way of

sidestepping formal and rigid wage schedules.8 In our model, the firm can better extract rents from

workers by creating different job titles for the same activity. Our model therefore suggests that

8We thank Hideshi Itoh for suggesting this reference.
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the incentives for job-title proliferation are stronger when there are insuffi cient separation rents

and when pay-for-performance contracts are diffi cult to implement. Our framework is therefore

consistent with Baron and Bielby’s findings that job-title proliferation is more likely to occur in

large, bureaucratic organizations.

Finally, we have focused on a steady-state analysis. The firm’s size and organizational structure

therefore do not change over time. Allowing for a nonstationary environment would allow us to

examine how firm growth interacts with a firm’s optimal personnel policies. It seems natural

to think that a firm experiencing a higher growth rate can better rely on promotion incentives

to motivate its workers. At some point, however, high-growth firms mature, and their growth

slows. Jensen (1986a,b) argues that in slowly growing firms, managers may spend resources to

pursue unprofitable growth. Understanding why firms pursue seemingly unprofitable growth and

understanding how firms change their personnel policies in response to a slowdown in growth are

intriguing theoretical questions with important practical implications.
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9 Appendix-For Online Publication

LEMMA 1. A firm maximizing its profits separately over the two activities chooses wages wpci =
ci + (1− (1− di) δ)Ri to provide rents vpci = Ri to each worker performing activity i = 1, 2. The

firm hires Hpc
i = (1− di)Npc

i workers, where Fi
(
Npc
i , N

pc
j

)
= wpci > ci.

PROOF OF LEMMA 1. For activity i, the firm will choose a wage that ensures the incentive-
compatibility constraint holds with equality:

vi = wi − ci + (1− di) δvi = wi + (1− qi) (1− di) δvi,

which gives us
vpci = ci/ (qi (1− di) δ) ,

which is the desired expression.�
We next establish Proposition 1’, which describes the optimal personnel policy for any organi-

zational structure (N1, N2). Proposition 1 in the text is the special case when N1 ≥ N2. First, we
establish Lemmas 2-4, which hold if v∗1 ≤ v∗2. In the proof of Proposition 1’, we show that when
N1 ≥ N2, indeed v∗1 ≤ v∗2. We establish an analogous set of conditions for the case when N1 < N2.

LEMMA 2. Assume v∗1 ≤ v∗2. Then H∗2 = 0.

PROOF OF LEMMA 2. Denote the mass of incumbent workers in activity i by Mi = (1− di)Ni,
and substitute (PK − 1) and (PK − 2) into the firm’s wage bill:

W = w1N1 + w2N2

= (v1 + c1 − δ (1− d1) (p11v1 + p12v2))N1 + (v2 + c2 − δ (1− d2) (p21v1 + p22v2))N2

= c1N1 + c2N2 + v1 (N1 − δ ((1− d1) p11N1 + (1− d2) p21N2))
+v2 (N2 − δ ((1− d1) p12N1 + (1− d2) p22N2))

= N1c1 +N2c2 + v1 ((1− δ)N1 + δH1) + v2 ((1− δ)N2 + δH2) ,

where the third equality holds by (FL− 1) and (FL− 2). Minimizing the wage bill, when the flow
constraint has been substituted in, is therefore equivalent to minimizing

v1 ((1− δ)N1 + δH1) + v2 ((1− δ)N2 + δH2) .

We now show that H∗2 = 0. Consider an optimal W ∗ with H∗2 > 0 and v∗2 ≥ v∗1. Since
M1 +M2 > N2, either p∗12 < 1 or p∗22 < 1. In the first case, consider a perturbation in which fewer
workers are hired into activity 2, and instead, they are hired into activity 1, and a larger fraction
of activity-1 workers are reassigned to activity 2 in the next period. That is, let H̃1 = H∗1 +M1ε,
H̃2 = H∗2 −M1ε, p̃11 = p∗11 − ε, and p̃12 = p∗12 + ε. In the second case, consider a perturbation
in which again, fewer workers are hired into activity 2, and instead, they are hired into activity 1,
and a larger fraction of activity-2 workers are assigned to activity 2 again in the next period. That
is, let H̃1 = H∗1 + M2ε, H̃2 = H∗2 −M2ε, p̃21 = p∗21 − ε, and p̃22 = p∗22 + ε. Under either of these
perturbations,

W̃j = W − δMjε (v∗2 − v∗1) ≤W ∗.
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If v∗2 > v∗1 is strict, the above inequality shows that the original personnel policy cannot be optimal.
If v∗2 = v∗1, the perturbation does not affect the wage bill, and indeed, the perturbation can be
continued up to the point where H̃2 = 0. Therefore, H∗2 = 0.�
LEMMA 3. Assume v∗1 ≤ v∗2 and (1− d1)N1R1 ≤ d2N2R2. Then v∗1 = 0, v∗2 = R2, p∗21 = 0 and
p∗i1 + p∗i2 = 1 for i = 1, 2.

PROOF OF LEMMA 3. We first show that v∗2 = R2 and v∗1 = 0. By (IC − 2), it must be the
case that v2 ≥ R2. Note that v1 ≥ 0, by (IR− 1). Therefore, if (v1, v2) = (0, R2) is attainable, it
will minimize the wage bill. Since pij does not enter the cost function directly, it suffi ces to show
that there exists an assignment matrix P such that under P, (v1, v2) = (0, R2) satisfies all the
constraints. This is indeed the case, since we can set p∗22 = 1 and

p∗12 = (N2 −M2) /M1 ≤ 1,

so that (IC − 1) becomes p∗12R2 ≥ R1, and is therefore satisfied since d2N2R2 ≥ (1− d1)N1R1.
Therefore, (v∗1, v

∗
2) = (0, R2) and v∗1 < v∗2 is indeed the case. Clearly, p

∗
22 = 1 implies that there are

no demotions (i.e., p∗21 = 0) and no forced turnover at the top.
Next, we show that there is no forced turnover at the bottom. Given H∗2 = 0 from Lemma 2

and p∗22 = 1, which we just showed, we can add up (FL− 1) and (FL− 2) to obtain

(p∗11 + p∗12)M1 +M2 +H∗1 = N1 +N2,

which implies that
H∗1 ≥ (1− p∗11 − p∗12)M1 +N1 −M1.

Assume p∗11 + p∗12 < 1, and consider the following perturbation. Let H̃1 = H∗1 − M1ε and
p̃11 = p∗11 + ε for some ε > 0. The flow constraint is still satisfied, since

p̃11M1 + p∗21M2 + H̃1 = N1,

and this increase in p∗11 does not affect (IC − 1). All other constraints remain satisfied. This per-
turbation therefore satisfies all the constraints and weakly reduces the wage bill. We can therefore
continue this perturbation until p∗11 + p∗12, where H̃1 > 0 is still true. Therefore, it is optimal to set
p∗11 + p∗12 = 1, and there is no forced turnover at the bottom.�
LEMMA 4. Assume v∗1 ≤ v∗2 and (1− d1)N1R1 > d2N2R2. Then v∗1 = 0, v∗2 > R2, p∗21 = 0,
p∗22 < 1, and p∗11 + p∗12 = 1.

PROOF OF LEMMA 4. Define ∆i ≡ pi1v1 + pi2vi −Ri to be the excess rents provided to workers
performing activity i. We can write

M1∆1 +M2∆2 = (M1p11 +M2p21) v1 + (M12p12 +M2p22) v2 −M1R1 −M2R2

= (N1 −H1) v1 + (N2 −H2) v2 −M1R1 −M2R2,

where the second equality uses the flow constraints (FL− 1) and (FL− 2). This equality allows
us to rewrite the objective function as

W = N1c1 +N2c2 + ((1− δ)N1 + δH1) v1 + ((1− δ)N2 + δH2) v2

= N1c1 +N2c2 + (1− δ) (M1R1 +M2R2) +H1v1 +H2v2 + (1− δ) (M1∆1 +M2∆2) .
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Note that this implies that

W ≥ N1c1 +N2c2 + (1− δ) (M1R1 +M2R2) .

Therefore, if v1 = 0 and ∆i = 0 are attainable (and we can choose H2 = 0 ), the labor-cost function
will be minimized.

When d2N2R2 < (1− d1)N1R1, we can confirm that v1 = 0 and ∆i = 0 are attainable. We can
use the flow constraints (FL− 1) and (FL− 2) to show that ∆i = 0 implies that

v∗2 =
R1M1 +R2M2

N2
> R2 > 0.

The corresponding assignment probabilities are feasible, since

p∗12 =
R1N2

R1M1 +R2M2
∈ (0, 1) ,

p∗22 =
R2N2

R1M1 +R2M2
∈ (0, 1) .

Therefore, the optimal solution is

v∗1 = 0, v∗2 =
R1M1 +R2M2

N2
.

We next show that no demotions (i.e., p∗21 = 0) can be part of the optimum. Since v∗1 = 0, if
p∗21 > 0, we can decrease p∗21 by ε. Define p̃21 = p∗21 − ε and H̃1 = H∗1 +M2ε for some ε > 0. The
flow constraint is still satisfied, since

p∗11M1 + p̃21M2 + H̃1 = N1.

Further, decreasing p∗21 does not affect (IC − 1) given that v∗1 = 0. We can continue this pertur-
bation until p̃21 = 0. When p∗21 = 0, we have that p∗21 + p∗22 = p∗22 < 1, which implies that there is
forced turnover at the top.

Finally, we can use the same logic as in the proof of Lemma 3 to show that p∗11 + p∗12 = 1 can
be part of an optimum, in which case there is no voluntary turnover at the bottom.�
PROPOSITION 1’. Define MR = M1R1 +M2R2. The following is true:

(i) If N1R2 ≤ MR and N2R2 ≤ MR, then v∗1 = 0, v∗2 = MR/N2, p
∗
11 = 1 − p∗12, p

∗
12 =

N2R1/MR, p∗21 = 0, p∗22 = N2R2/MR,H∗1 = N1d1 +N1 (1− d1) (1− p∗12), and H∗2 = 0.
(ii) If N1R2 > MR and N2R2 ≤ MR, then v∗1 = 0, v∗2 = MR/N2, p

∗
11 = 1 − p∗12, p

∗
12 =

N2R1/MR, p∗21 = 0, p∗22 = N2R2/MR,H∗1 = N1d1 +N1 (1− d1) (1− p∗12), and H∗2 = 0.
(iii) If N1R2 ≤ MR and N2R2 > MR, then v∗1 = MR/N1, v

∗
2 = 0, p∗11 = N1R1/MR, p∗12 =

0, p∗21 = N1R2/MR, p∗22 = 1− p∗21, H∗1 = 0, and H∗2 = N2d2 +N2 (1− d2) (1− p∗21).
(iv − a) If N1R2 ≥ N2R2 ≥MR, then v∗1 = 0, v∗2 = R2, p

∗
11 = 1−p∗12, p∗12 = d2N2/ (1− d1)N1, p∗21 =

0, p∗22 = 1, H∗1 = d1N1 + d2N2, H
∗
2 = 0.

(iv − b) If N2R2 ≥ N1R2 ≥ MR, then v∗1 = R2, v
∗
2 = 0, p∗11 = (N1 −M2) /M1, p

∗
12 = 0, p∗21 =

1, p∗22 = 0, H∗1 = 0, H∗2 = N2.

PROOF OF PROPOSITION 1’: Lemmas 2-4 establish the optimal personnel policy when v∗1 ≤ v∗2.
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Now, we consider the case in which v∗1 > v∗2 and describe the conditions under which this is true.
To do so, it is useful to establish two lower bounds for the wage bill. First, recall from the proof of
Lemma 4 that one lower bound for the wage bill (that holds whether v∗1 ≤ v∗2 or v∗1 > v∗2) is:

W ≥ N1c1 +N2c2 + (1− δ) (M1R1 +M2R2) .

To establish the second lower bound, notice that if v∗1 > v∗2, (IC − 1) and (IC − 2) together imply
that v∗1 ≥ R2. As a result, we have

W = N1c1 +N2c2 + v1 ((1− δ)N1 + δH1) + v2 ((1− δ)N2 + δH2)

≥ N1c1 +N2c2 + (1− δ)N1R2,

where the expression for the wage bill (that holds whether v∗1 ≤ v∗2 or v
∗
1 > v∗2) is obtained in

Lemma 2. This is our second lower bound.
It follows that when v∗1 > v∗2,

W ≥ N1c1 +N2c2 + (1− δ) max {M1R1 +M2R2, N1R2}

Next, we establish a personnel policy with a wage bill that reaches the lower bound. Therefore, if
v∗1 > v∗2, this personnel policy is optimal.

First consider the case when N1R2 ≤M1R1+M2R2. In this case, let v∗1 = (M1R1 +M2R2) /N1
and v∗2 = 0. Let p∗11 = N1R1/ (M1R1 +M2R2) , p

∗
12 = 0, p∗21 = N1R2/ (M1R1 +M2R2) , and

p∗22 = 1 − p∗21. Notice that these probabilities are less than 1 because M1R1 + M2R2 ≤ N1R2. In
addition, (IC − 1), (IC − 2) , (IR− 1), and (IR− 2) are satisfied given the set of choices. Now
let H∗1 = 0 and H∗2 = N2d2 + N2 (1− d2) p∗21. The flow constraints are satisfied. Finally, the wage
bill associated with this policy is given by N1c1 + N2c2 + (1− δ) (M1R1 +M2R2) , which reaches
the lower bound.

Next, consider the case with N1R2 > M1R1 + M2R2. In this case, let v∗1 = R2 and v∗2 = 0.
Let p∗11 = (N1 −M2) /M1, p

∗
12 = 1 − p∗11, p

∗
21 = 1, and p∗22 = 0. Note that because N1R2 >

M1R1 + M2R2, we have N1R2 > M2R2, and therefore p∗11 = (N1 −M2) /M1 > 0. Similarly,
d1 + d2 < 1 guarantees that p∗11 < 1. It follows that these probabilities are between 0 and 1. In
addition, (IC − 1), (IC − 2) , (IR− 1), and (IR− 2) are satisfied given the set of choices. Now
let H∗1 = 0 and H∗2 = N2. The flow constraints are satisfied. Finally, the wage bill associated with
this policy is given by N1c1 +N2c2 + (1− δ)N1R2, which reaches the lower bound.

Combining these two cases, we obtain the result that when v∗1 > v∗2, the total wage bill is given
by

W |v∗1>v∗2 =

{
N1c1 +N2c2 + (1− δ) (M1R1 +M2R2)

N1c1 +N2c2 + (1− δ)N1R2
if N1R2 ≤M1R1 +M2R2

if N1R2 > M1R1 +M2R2,

and this is generated by the personnel policy described in the proposition.
Next, to characterize the optimal personnel policy, recall from Lemmas 2-4 that when v∗1 ≤ v∗2,

the total wage bill is given by

W |v∗1≤v∗2 =

{
N1c1 +N2c2 + (1− δ) (M1R1 +M2R2)

N1c1 +N2c2 + (1− δ)N2R2
if N2R2 ≤M1R1 +M2R2

if N2R2 > M1R1 +M2R2.
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Now combining W |v∗1>v∗2 and W |v∗1≤v∗2 , we see that if either N2R2 or N1R2 is smaller than
M1R1 +M2R2, the total wage bill is minimized at W ∗ = N1c1 +N2c2 + (1− δ) (M1R1 +M2R2) .
When both N2R2 and N1R2 are greater than M1R1 + M2R2, the minimized wage bill is given by
W ∗ = N1c1 +N2c2 + (1− δ) min {N1, N2}R2, and the optimal personnel policy places the activity
with fewer positions on top. This describes the minimized wage bill for any organizational structure
(N1, N2).

Finally, note that when N1 ≥ N2, we always have N1R2 ≥ N2R2. As a result, it is always
optimal to put activity 2 on top. This establishes Proposition 1 in the main text.�
COROLLARY 1’. Define MR = M1R1 +M2R2. The following is true:

(i) If N1R2 ≤MR and N2R2 ≤MR, the labor-cost function is

W (N1, N2) = N1c1 +N2c2 + (1− δ) (M1R1 +M2R2)

(ii) If N1R2 > MR and N2R2 ≤MR, the labor-cost function is

W (N1, N2) = N1c1 +N2c2 + (1− δ) (M1R1 +M2R2)

(iii) If N1R2 ≤MR and N2R2 > MR, the labor-cost function is

W (N1, N2) = N1c1 +N2c2 + (1− δ) (M1R1 +M2R2)

(iv − a) If N1R2 ≥ N2R2 ≥MR, the labor-cost function is

W (N1, N2) = N1c1 +N2c2 + (1− δ)N2R2

(iv − b) If N2R2 ≥ N1R2 ≥MR, the labor-cost function is

W (N1, N2) = N1c1 +N2c2 + (1− δ)N1R2

PROOF OF COROLLARY 1’. Follows immediately from the proof of Proposition 1’.�
COROLLARY 2. Given a production level y, the optimal organizational structure satisfies N∗1 (y) >
N∗2 (y) , and the following conditions hold.

(i) When N∗1 (y) < κN∗2 (y) , the marginal rate of technical substitution is given by

MRTS (N∗1 , N
∗
2 ) =

δ − δd2
1− δd2

c1
c2
.

(ii) When N∗1 (y) = κN∗2 (y) , the marginal rate of technical substitution satisfies

MRTS (N∗1 , N
∗
2 ) ∈

[
δ − δd2
1− δd2

c1
c2
,
c1
c2

]
.

(iii) When N∗1 (y) > κN∗2 (y) , the marginal rate of technical substitution is given by

MRTS (N∗1 , N
∗
2 ) =

c1
c2
.
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PROOFOF COROLLARY 2. For the first claim thatN∗1 (y) > N∗2 (y), notice that if IfMRTS (N1, N2) >
W−1 (N1, N2) /W

−
2 (N1, N2), where W−i is the left derivative of the labor-cost function, then the

firm can always reduce N2 and increase N1, holding the production level constant, and reduce the
wage bill. When N2 ≥ N1, we know that MRTS (N1, N2) ≥ MRTS (N,N) > (c1 +R2) /c2 ≥
W−1 (N1, N2) /W

−
2 (N1, N2). As a result, it can never be optimal to have N∗2 (y) ≥ N∗1 (y).

For the remaining three results, note that the problem is a convex optimization program since
for all y and all W , the upper contour set of production at y and the lower contour set for costs at
W are convex sets. Define the function

ξW (N1) = {N2 : W (N1, N2) = W} ,

and define the superdifferential of ξ at W to be the set of all vectors (in (N1, N2) space) tangent
to ξ at W :

∂ξW =
{
w̃ = (w̃1, w̃2) : w̃ ·

(
W ′ −W

)
≥ ξ

(
W ′
)
− ξ (W ) for all W ′ ∈ R+

}
.

Since the production function is twice continuously differentiable, the subdifferential of each iso-
quant at y is a singleton and is equal to the vector of marginal revenue products (Pf1, Pf2) evaluated
at (N1 (y) , N2 (y)), where f (N1 (y) , N2 (y)) = y.

Given output y, the cost-minimization program is therefore a convex optimization program with
a nondifferentiable constraint set. The associated optimality conditions ensure that for some W ,

MRTS (N∗1 (y) , N∗2 (y)) = w̃1/w̃2 for some (w̃1, w̃2) ∈ ∂ξ (W ) .

In each of the three regions identified in the statement of Corollary 2, these optimality conditions
correspond to the associated condition stated in the Corollary.�
COROLLARY 3. At the optimum, w∗1 < MRP ∗1 and w

∗
2 > MRP ∗2 .

PROOF OF COROLLARY 3. By Corollaries 1 and 2, if at the optimum, N∗1 > κN∗2 (i.e., there
are suffi cient separation rents), we have that

MRP ∗1 = c1 > c1 − c1κ
N∗2
N∗1

= w∗1

and

MRP ∗2 =
1− δd2
1− d2

1

δ
c2 <

1

1− d2
1

δ
c2 = w∗2.

If at the optimum, N∗1 < κN∗2 (i.e., there are insuffi cient separation rents), we have that

MRP ∗1 =
1

δ
c1 > 0 = w∗1

and

MRP ∗2 =
1

δ
c2 <

1

δ
c1
N∗1
N∗2

+
1

δ
c2 = w∗2.

Next, note that along the ray N1 = κN2, recall from Corollary 1 that w∗1 = 0 and w∗2 =
(1/ (1− d2)) (c2/δ). Since MRP1 = Pf1 (κN2, N2) > 0, we therefore have MRP1 > 0 = w∗1.
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Further, along the ray N1 = κN2, the objective becomes

max
N2

Pf (κN2, N2)− w∗2N2,

so the first-order conditions can be written as MRP2 = w∗2 − κMRP ∗1 < w∗2.�
COROLLARY 4. Suppose production expansion favors activity 1. Then there exists two cutoffs,
y1 and y2, such that the following is true: (i) if y∗ < y1, the firm’s optimal span is N∗1 /N

∗
2 < κ;

(ii) if y∗ ∈ [y1, y2], the firm’s optimal span is N∗1 /N
∗
2 = κ; and (iii) if y∗ > y2, the firm’s optimal

span is N∗1 /N
∗
2 > κ.

PROOF OF COROLLARY 4. Denote y∗ to be the optimal output level. Define the class of
functions

ξW (N1) = {N2 : W (N1, N2) = W} .

From Corollary 2, optimal production always satisfies N∗1 (y∗) > N∗2 (y∗). Also, optimal production

will always occur at a point
(
N∗1 (y∗) , ξW (y∗) (N∗1 (y∗))

)
for some W (y∗). Note that for each W ,

the function ξW (N1) is decreasing, piecewise-linear, and concave in N1. Define the set

PEP ≡
{

(N1, N2) : N1 = N∗1 (y∗) , N∗2 = ξW (y∗) (N∗1 (y∗)) for some y∗,W (y∗)
}
.

PEP is the production-expansion path for the production function f and the labor-cost function
W (N1, N2).

Suppose limy∗→0MRTS
(
N∗1 (y∗) , ξW (y∗) (N∗1 (y∗))

)
= (c1/ (c2 + (1− δ)R2)). Along the ray

(κN2, N2), there exists some N̂2 such that for all N2 < N̂2,

MRTS (κN2, N2) ≤
δ − δd2
1− δd2

c1
c2
.

Take N2,1 to be the supremum over all such N̂2. It must therefore be the case that

MRTS (κN2,1, N2,1) =
δ − δd2
1− δd2

c1
c2
.

Define y1 to be the supremum over all y such that

MRTS
(
κN∗2 (y) , ξW (y) (κN∗2 (y))

)
=
δ − δd2
1− δd2

c1
c2
.

For all y∗ ≤ y1, optimal production satisfies

MRTS
(
N∗1 (y∗) , ξW (y∗) (N∗1 (y∗))

)
=
δ − δd2
1− δd2

c1
c2
,

and the firm’s optimal span, N∗1 (y∗) /ξW (y∗) (N∗1 (y∗)) is strictly increasing in y∗ in this region.

Next, along the ray (κN2, N2), there exists some N̂2 such that for all N2 > N̂2,

MRTS (κN2, N2) ≥
c1
c2
.
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Take N2,2 to be the infimum over all such N̂2. It must therefore be the case that

MRTS (κN2,2, N2,2) =
c1
c2
.

Define y2 to be the infimum over all y such that

MRTS
(
κN∗2 (y) , ξW (y) (κN∗2 (y))

)
=
c1
c2
.

Because c1/c2 > (c1/c2) · ((δ − δd2) / (1− δd2)), we must have that y2 > y1. Further, for all
y1 ≤ y∗ ≤ y2, optimal production satisfies

MRTS
(
N∗1 (y∗) , ξW (y∗) (N∗1 (y))

)
∈
[
δ − δd2
1− δd2

c1
c2
,
c1
c2

]
,

and the firm’s optimal span is N∗1 (y∗) /ξW (y∗) (N∗1 (y∗)) = κ.
Finally for all y∗ > y2, optimal production must satisfy

MRTS
(
N∗1 (y∗) , ξW (y∗) (N∗1 (y∗))

)
=
c1
c2
,

and the firm’s optimal span, N∗1 (y∗) /ξW (y∗) (N∗1 (y∗)) is strictly increasing in y∗ in this region.�
COROLLARY 5. Suppose production expansion favors activity 1. Wages are higher in both posi-
tions at large firms relative to small firms. Promotion probabilities are higher at small firms, and
large firms put in place forced-turnover policies.

PROOF OF COROLLARY 5. For small firms, N∗1 > κN∗2 , so by Corollary 1, w
∗S
1 = c1 −

c1κN2/N1 and w∗S2 = c2/ ((1− d2) δ). Further, the promotion rate for bottom workers is p∗S12 =
d2N2/ ((1− d1)N1), and there is no forced turnover at the top, so that p∗S22 = 1 and v∗S2 = R2

For large firms, N∗1 < κN∗2 , so by Corollary 1, w
∗L
1 = 0 and w∗L2 = (c1N1 + c2N2) / (δN2).

Further, by Lemma 4, we have

p∗L12 =
R1N2

R1M1 +R2M2
,

and there is forced turnover so p∗L22 < 1 and v∗L2 > R2.
Putting these results together, we have w∗L1 > w∗S1 , w

∗L
2 > w∗S2 , p

∗L
12 < p∗S12 , p

∗L
22 < p∗S22 , and

v∗L2 > v∗S2 .�
PROPOSITION 2. There exists L∗ such that for all L > L∗, we have D2 = 0. In addition,
VU = V 1E = 0. The optimal personnel policy is the same as is described in Proposition 1, and the
results of Corollaries 2-5 continue to hold.

PROOF OF PROPOSITION 2. Recall that VU is the NPV of an unemployed worker and V i
E ,

i = 1, 2, are the NPV of a worker in activity i. It follows that VU satisfies the following:

VU = α1V
1
E + α2V

2
E + (1− α1 − α2) δVU .

Since each firm is infinitesimal, they take VU as given when they maximize their profits. In other
words, the firm maximizes

F (N1, N2)− w1N1 − w2N2.
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subject to

V 1E = w1 − c1 + (1− d1) δ
(
p11V

1
E + p12V

2
E

)
+ δ (d1 + (1− d1) (1− p11 − p12))V U ;(PK-1-m)

V 2E = w2 − c2 + (1− d2) δ
(
p21V

1
E + p22V

2
E

)
+ δ (d2 + (1− d2) (1− p11 − p12))V U .(PK-2-m)

V 1E ≥ V U ; (IR-1-m)

V 2E ≥ V U . (IR-2-m)

p11
(
V 1E − V U

)
+ p12

(
V 2E − V U

)
≥ c1/ ((1− d1) δq1) = R1; (IC-1-m)

p21
(
V 1E − V U

)
+ p22

(
V 2E − V U

)
≥ c2/ ((1− d2) δq2) = R2, (IC-2-m)

(1− d1) p11N1 + (1− d2) p21N2 +H1 = N1; (FL-1-m)

(1− d1) p12N1 + (1− d2) p22N2 +H2 = N2, (FL-2-m)

where Hi ≥ 0 is the mass of new workers hired into activity i. In addition, we have

pi1 + pi2 ≤ 1, for i = 1, 2.

Notice that by redefining v̂i = V i
E − V U , i = 1, 2, the constrained maximization problem above

becomes the same as the constrained maximization problem in the main model, so it has the same
solution as that in Proposition 1. In particular, we have H∗2 = 0, and v̂∗1 = 0. This implies that
D2 = IH∗2 = 0, and thus, α2 = 0, and in addition, V 1E = V U . We then have that

VU = α1V
1
E + α2V

2
E + (1− α1 − α2) δVU

= α1VU + (1− α1) δVU .

This gives that VU = V 1E = 0.
Finally, we need to check that α1 = U/D1 < 1. Now let N∗1 and N

∗
2 be the mass of positions,

H∗1 be the mass of new hires, and d
∗
2 = d2+ (1− d2)

(
1− p1∗2 − p2∗2

)
be the total turnover rate from

the top job in each firm. This implies that the total vacancy is D1 = IH∗1 = I (d1N
∗
1 + d∗2N

∗
2 ) .

The total unemployment is given by U = L− I (N∗1 +N∗2 ) + I (d1N
∗
1 + d∗2N

∗
2 ) . Therefore, as long

as L > I (N∗1 +N∗2 ) ≡ L∗, we have U > D1 = D, so that α1 < 1. This proves the proposition. �
PROPOSITION 3. There is an optimal personnel policy with the following features: (i) Hiring
occurs only in the bottom job, where workers perform Activity 1; (ii) There is a well-defined career
path: bottom workers stay in the bottom job or are promoted. The promotion rate is constant and
given by d2N2/ ((1− d1)N1) . Top workers perform Activity 2 and are never demoted. Workers are
not fired unless they are caught shirking. (iii) The performance bonus in the top job is constant and
independent of the firm’s span. The performance bonus in the bottom job is also constant, and it
is equal to zero if the span N1/N2 is below a threshold and is otherwise positive and increasing in
the span.

PROOF OF PROPOSITION 3. We prove Proposition 2 in two steps.
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Step 1. We first introduce some notations, list the relevant constraints for the problem, and
establish a lower bound for the firm’s objective function. Let

c
(
ht
)

=

{
c1

c2

if ht = 1

if ht = 2
,

d(ht) =

{
d1

d2

if ht = 1

if ht = 2
,

and

q
(
ht
)

=

{
q1

q2

if ht = 1

if ht = 2
.

Note that for any compensation plan with wage w̃
(
ht
)
and bonus b̃

(
ht
)
, the firm can choose an

alternative compensation plan with wage w and bonus w̃
(
ht
)

+ b̃
(
ht
)
−w. This new compensation

plan gives the worker the same compensation (following all histories) and weakly improves the
worker’s incentive. To simplify notation, below we set the wage w

(
ht
)

= w following all histories.
For the promise-keeping constraint for the worker (following history ht), we have

v
(
ht
)

= w − c
(
ht
)

+ b
(
ht
)

+ δ
(
1− d(ht)

) (
p1
(
ht
)
v
(
ht, 1

)
+ p2

(
ht
)
v
(
ht, 2

))
, (PK-ht)

where v
(
ht, j

)
(j = 1, 2) denotes the worker’s value when he is assigned to activity j following

history ht. To induce effort from the agent, we have

v
(
ht
)
≥ w +

(
1− q

(
ht
)) (

b
(
ht
)

+ δ
(
1− d(ht)

) (
p1
(
ht
)
v
(
ht, 1

)
+ p2

(
ht
)
v
(
ht, 2

)))
.

Using (PK − ht), we can rewrite this inequality above as

v
(
ht
)
≥ w +

(
1− q

(
ht
))

q (ht)
c
(
ht
)
. (IC-ht)

This gives the incentive constraint
(
IC − ht

)
. Notice that (by the definition of q and c) the right

hand side of the inequality depends on the history ht only through ht,the worker’s activity in period
t.

Next, to describe the flow constraint, define L
(
ht
)
as the mass of workers with history ht. The

flow constraint following history ht can then be written as

L
(
ht, 1

)
=

(
1− d(ht)

)
p1
(
ht
)
L
(
ht
)

; (FL-ht − 1)

L
(
ht, 2

)
=

(
1− d(ht)

)
p2
(
ht
)
L
(
ht
)
. (FL-ht − 2)

In addition, there are two aggregate flow constraints:∑
ht|ht=1

L
(
ht
)

= N1; (FL-1)

∑
ht|ht=2

L
(
ht
)

= N2. (FL-2)
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Given these constraints and a given organizational structure, the firm chooses (nonnegative)
bonuses

(
b
(
ht
))
and assignment rule

(
p1
(
ht
)
, p2
(
ht
))
to minimize the total wage payment∑

ht

L
(
ht
) (
w + b

(
ht
))
.

Notice that (FL− 1) and (FL− 2) imply that
∑

ht L
(
ht
)
w = (N1 +N2)w. We can therefore

rewrite the firm’s objective as to minimize the total bonus∑
ht

L
(
ht
)
b
(
ht
)
.

We now establish a lower bound for the objective function. Multiplying L
(
ht
)
to both sides of

the promise-keeping constraint
(
PK − ht

)
and rearrange, we have

L
(
ht
)
b
(
ht
)

= L
(
ht
)
v
(
ht
)

+ L
(
ht
)
c
(
ht
)
− δ

(
1− d(ht)

)
L
(
ht
) (
p1
(
ht
)
v
(
ht, 1

)
+ p2

(
ht
)
v
(
ht, 2

))
− L(ht)w

= L
(
ht
)
v
(
ht
)

+ L
(
ht
)
c
(
ht
)
− δL

(
ht, 1

)
v
(
ht, 1

)
− δL

(
ht, 2

)
v
(
ht, 2

)
− L(ht)w,

where the second equality follows from the flow constraints
(
FL− ht − 1

)
and

(
FL− ht − 2

)
.

This implies that∑
ht

L
(
ht
)
b
(
ht
)

=
∑
ht

(
L
(
ht
)
v
(
ht
)

+ L
(
ht
)
c
(
ht
)
− δL

(
ht, 1

)
v
(
ht, 1

)
− δL

(
ht, 2

)
v
(
ht, 2

))
−
∑
ht

L
(
ht
)
w

= δ (L (1) v (1) + L (2) v (2)) + (1− δ)
∑
ht

L
(
ht
)
v
(
ht
)

+
∑
ht

L
(
ht
)
c
(
ht
)
−
∑
ht

L
(
ht
)
w

= δ (L (1) v (1) + L (2) v (2)) + (1− δ)
∑
ht

L
(
ht
)
v
(
ht
)

+N1c1 +N2c2 −N1w −N2w,

where the second equality follows because∑
ht

L
(
ht
)
v
(
ht
)

= L(1)v(1) +
∑
ht

L
(
ht, 1

)
v
(
ht, 1

)
+ L(2)v(2) +

∑
ht

L
(
ht, 2

)
v
(
ht, 2

)
and the last equality follows because∑

ht

L
(
ht
)
c
(
ht
)

=
∑

ht|ht=1
L
(
ht
)
c
(
ht
)

+
∑

ht|ht=2
L
(
ht
)
c
(
ht
)
.

To establish a lower bound for
∑

ht L
(
ht
)
b
(
ht
)
, below we separately provide a lower bound

for
∑

ht L
(
ht
)
v
(
ht
)
and for L (1) v (1) + L (2) v (2) . Denote the incentive rent on activity i by

ri ≡
1− qi
qi

ci,
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for i = 1, 2. It follows from the IC constraint that∑
ht

L
(
ht
)
v
(
ht
)

=
∑

ht|ht=1
L
(
ht
)
v
(
ht
)

+
∑

ht|ht=2
L
(
ht
)
v
(
ht
)
≥ N1(w + r1) +N2(w + r2).

Next, notice that the mass of new workers (L (1) + L (2)) must exceed the the mass of workers who
leave voluntarily, i.e.,

L (1) + L (2) ≥ d1N1 + d2N2.

Given that r2 ≥ r1, we then have

L (1) v (1) + L (2) v (2) ≥ (d1N1 + d2N2)(r1 + w).

Combining these two lower bounds, we now have that∑
ht

L
(
ht
)
b
(
ht
)

= δ (L (1) v (1) + L (2) v (2)) + (1− δ)
∑
ht

L
(
ht
)
v
(
ht
)

+N1c1 +N2c2 −N1w −N2w

≥ δ(d1N1 + d2N2)(r1 + w) + (1− δ) (N1r1 +N2r2 + (N1 +N2)w)

+N1c1 +N2c2 −N1w −N2w.

Thus, if we can choose a set of feasible
{
b
(
ht
)
, p1
(
ht
)
, p2
(
ht
)}∞

t=1
such that

∑
ht L

(
ht
)
b
(
ht
)

reaches the lower bound above, this contract is optimal.
Step 2. We show in this step that the following stationary contract is optimal, and demonstrate
in the end that this set of contracts lead to the optimal personnel policy in Proposition 2.

In particular, for ht with ht = 2, let

b
(
ht
)

= b2, p1
(
ht
)

= 0, p2
(
ht
)

= 1,

where b2 is given by
b2 = c2 + r2 − δ (1− d2) (r2 + w).

Notice that by Assumption 3, we have b2 ≥ 0.
For ht with ht = 1, let

b
(
ht
)

= max{0, b1}, p1
(
ht
)

= 1− p, p2
(
ht
)

= p,

where

p =
d2N2

(1− d1)N1
,

and
b1 = c1 + r1 − δ (1− d1) (pr2 + (1− p) r1 + w) .

Finally, let L (1) = (1− d1)N1 + (1− d2)N2 and L (2) = 0, and this completes the description
of the contract (and the associated personnel policies). It is straightforward to check that the
contract satisfies all the constraints and is therefore feasible. In addition, this contract gives rise
to the properties (i) to (iii). It remains to show that the contract is optimal. There are two cases
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to consider.
Case 1: b1 ≥ 0. In this case, we have∑

ht|ht=1
L
(
ht
)
b
(
ht
)

= N1b1

= N1r1 +N1c1 − δ (1− d1)N1 (pr2 + (1− p) r1 + w)

= N1r1 +N1c1 − δd2N2 (r2 − r1)− δ (1− d1)N1r1 − δ (1− d1)N1w.

and ∑
ht|ht=2

L
(
ht
)
b
(
ht
)

= N2b2 = N2r2 +N2c2 − δ (1− d2)N2r2 − δ (1− d2)N2w.

Therefore, it follows∑
ht

L
(
ht
)
b
(
ht
)

= N1b1 +N2b2

= N1r1 +N1c1 − δd2N2 (r2 − r1)− δ (1− d1)N1r1 − δ (1− d1)N1w
+N2r2 +N2c2 − δ (1− d2)N2r2 − δ (1− d2)N2w.

= δ(d1N1 + d2N2)(r1 + w) + (1− δ) (N1r1 +N2r2 + (N1 +N2)w)

+N1c1 +N2c2 −N1w −N2w.

which reaches the lower bound of
∑

ht L
(
ht
)
b
(
ht
)
.

Case 2: b1 < 0. In this case, we show below that the bonus amount in the contract above
reaches a lower bound for the bonus amount for a relaxed problem. The relaxed problem has the
same objective function and the constraints as the original problem, except that the firm does not
consider the worker’s incentive constraints when he is assigned to activity 1 (ht = 1). As a result,
the total bonus associated with optimal contract for the relaxed problem must be weakly lower.
It follows that if the bonus with the contract reaches the lower bound of bonus for the relaxed
problem, the contract must be optimal.

Now consider a contract with bonus
(
b
(
ht
))
and assignment rule

(
p1
(
ht
)
, p2
(
ht
))
for the

relaxed problem, and let v
(
ht
)
be the associated value function for the worker. Notice that for

ht = 2, the flow constraints and the promise-keeping constraints imply that

L
(
ht
)
v(ht) = L

(
ht
) (
w + b

(
ht
)
− c2

)
+ δ

(
L
(
ht, 1

)
v
(
ht, 1

)
+ L

(
ht, 2

)
v
(
ht, 2

))
.

Next, we establish the lower bounds in two steps. First, we consider a subset of contracts with a
particular property and show that the optimal contracts satisfy this property. We then provide a
lower bound for the wage bills for this subset of contracts. Since this subset of contracts contains
the optimal contracts, a lower bound of the wage bill for this subset of contracts is also the lower
bound for all contracts.

Now, consider the class of contracts where v
(
ht, 1

)
≤ w + r2 and v

(
ht, 2

)
= w + r2 for all

ht 6= ∅. We show that this class of constraints contains the optimal contracts. To see this, notice
that following history ht, we have

L
(
ht
)
v(ht) =

∑
hτ |ht,

δτ−tL
(
hτ |ht

) (
w + b

(
hτ |ht

)
− c

(
hτ |ht

))
,
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where hτ |ht are histories consistent with ht. Now consider the following perturbation on b
(
hτ |ht

)
and b

(
ht
)
. By reducing b

(
hτ |ht

)
to b

(
hτ |ht

)
− ε and increasing b

(
ht
)
to b

(
ht
)

+
δτ−tL(hτ |ht)

L(ht) ε, the
equality above continues to hold. The total bonus the firm pays, however, changes by

L
(
ht
) δτ−tL (hτ |ht)

L (ht)
ε− L

(
hτ |ht

)
ε = −

(
1− δτ−t

)
L
(
hτ |ht

)
ε ≤ 0.

In other words, if this perturbation is feasible, the contract suboptimal.
Now suppose that v

(
ht, 2

)
> w + r2 so that the incentive constraint is slack. It follows that

if b
(
ht, 2

)
> 0, the firm can use the type of perturbation above on b

(
ht, 2

)
and b

(
ht
)
since the

incentive constraint on
(
ht, 2

)
is slack. If b

(
ht, 2

)
= 0, the promise-keeping condition on v

(
ht, 2

)
(since it exceeds w + r2) implies that there either exists some b

(
hτ |ht, 2

)
> 0 with hτ = 1 or some

b
(
hτ
′ |ht, 2

)
> 0 with hτ ′ = 2 and v

(
hτ
′ |ht, 2

)
> w + r2. Otherwise, it contradicts the assumption

that v
(
ht, 2

)
> w + r2. In the former case, the firm can perform a feasible perturbation on

b
(
hτ |ht, 2

)
and b

(
ht
)
as above. This is feasible because there is no incentive constraints on activity

1. In the later case, the firm can perform a feasible perturbation on b
(
hτ
′ |ht, 2

)
and b

(
ht
)
.

This reduces the firm’s total bonus payout, and therefore, contradicts the optimality of the original
contract.

Similarly, consider the case with v
(
ht, 1

)
> w + r2. If b

(
ht, 1

)
> 0, then the firm can use

the perturbation above on b
(
ht, 1

)
and b

(
ht
)
. If b

(
ht, 1

)
= 0, Assumption 3 then implies that

there either exists some b
(
hτ |ht, 1

)
> 0 with hτ = 1 or some b

(
hτ
′ |ht, 1

)
> 0 with hτ ′ = 2 and

v
(
hτ
′ |ht, 1

)
> w + r2. By performing the perturbation on b

(
ht
)
and b

(
hτ |ht, 1

)
(or on b

(
ht
)
and

b
(
hτ
′ |ht, 1

)
), the firm can again reduce its bonus payout, and therefore, contradicts the optimality

of the original contract. This shows that under the optimal contracts belong to the set with
v
(
ht, 1

)
≤ w + r2 and v

(
ht, 2

)
= w + r2.

Next, we establish a lower bound of wage bills for this subset of contracts. Notice that

∑
ht

L
(
ht
)
b
(
ht
)

≥
∑

ht|ht=2
L
(
ht
)
b
(
ht
)

= L
(
ht
)
v
(
ht
)

+ L
(
ht
)
c2 − L

(
ht
)
w − δ (1− d2)L

(
ht
) (
p1
(
ht
)
v
(
ht, 1

)
+ p2

(
ht
)
v
(
ht, 2

))
≥ L

(
ht
)

(w + r2) + L
(
ht
)
c2 − L

(
ht
)
w − δ (1− d2)L

(
ht
)

(w + r2)

= N2(r2 + c2)− δ (1− d2)N2(w + r2),

where the last inequality follows because v
(
ht, 1

)
≤ w + r2 and v

(
ht, 2

)
= w + r2.

In addition, one can check that the contract constructed reach this lower bound. The contract
is therefore optimal.�
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